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Abstract

Expander graphs are sparse and at the same time highly connected graphs. These proper-
ties seem contradictory, but the existence of expander graphs can be shown by a straight-
forward probabilistic argument, and by now many explicit constructions are known. In
particular, expander graphs have proven highly useful in a variety of applications in com-
puter science and mathematics. Thus in the early 2000s, the expander community started
to generalize what it means to be highly connected to simplicial complexes as higher di-
mensional analogues of graphs. Unfortunately, there is not one canonical way to extend
the notion of expansion, since several, for graphs equivalent, characterizations lead to dif-
ferent versions of high-dimensional expansion. In this work, we focus on local spectral,
coboundary and cosystolic expansion. High-dimensional expanders have already proven
useful in a variety of applications, for example in the construction of good property testers
and quantum LDPC codes, in questions around Markov chain mixing, and they appear
in considerations on the question of the existence of non-sofic groups. In contrast to the
graph case, only very few constructions of high-dimensional expanders are known.

In this thesis, we construct a new family of complexes, called KMS complexes, which
provides new examples of local spectral, coboundary and cosystolic expanders. The con-
struction is based on the rich structure of Kac-Moody—Steinberg (KMS) groups, which
are amalgamated products of maximal unipotent subgroups of Chevalley groups. In many
cases, the KMS group is isomorphic to the maximal unipotent subgroup of the correspond-
ing minimal Kac-Moody group. In particular, KMS groups admit many finite quotients.
For each sufficiently large such quotient, we construct a simplicial complex as coset com-
plex over the quotient. The KMS complexes have the property that the local structure
only depends on the KMS group and not on the finite quotient. The local structure, the
proper links, are each isomorphic to the complex opposite a chamber in a spherical build-
ing. We use the rich structure these opposite complexes inherit from the buildings to show
local spectral expansion for all KMS complexes. Furthermore, we show that the opposite
complexes of classical (i.e. type A,,,C, and D,,) buildings are coboundary expanders. To
achieve this, we use the machinery of cone functions and develop new methods to construct
cone functions inductively. We then deduce cosystolic expansion for the classical KMS
complexes. We further investigate a specific class of KMS complexes, called congruence
KMS complexes, which arise from explicit quotients inside Chevalley groups. For this
class, we can show vanishing of the first cohomology group and thus deduce 1-coboundary
expansion for most abelian and non-abelian coefficient groups. We conclude with a dis-
cussion on how these ideas can be generalized to other groups and how KMS complexes
could provide the first examples of 3-dimensional coboundary expanders.
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Chapter 1

Introduction

1.1 From good networks to high-dimensional expanders

Imagine you were given the task to build a rail network completely from scratch in a
country that did not have trains before. Which cities would you connect with direct
rail lines? How can you make sure that not all trains stand still if one line breaks? At
the same time, you have to keep the cost in mind, which should not be too high. As
mathematicians, we can ignore many of the real world problems, and only focus on the
task of connecting the cities, modelled as dots called vertices, by drawing straight lines,
called edges, between them. We can abstract the situation even further by ignoring the
precise positions of the cities on the map and just think of them as a set of labels V. The
line between two cities with names v and w is then modeled by the set {v,w}. We get a
set of edges F containing smaller sets with each two vertices in them. Together, the two
sets G = (V, F) form what we call a graph. We are now looking for graphs that model
good networks, i.e. which are well connected and yet do not contain too many edges.

Figure 1.1: Two graphs, both with 10 vertices and 15 edges but very different connectivity
properties.

Whether a graph is well connected is sometimes intuitively clear when we draw them,
like in Figure Mathematically, we have two main methods for measuring the con-
nectivity of a graph: The Cheeger constant h(G), which counts how many edges have
to be cut to separate a significant part of the vertices from the rest, and the spectral
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gap 1 — A2(G), which measures how fast a random walk on the graph converges to the
uniform distribution. This means that we walk on the vertices of the graph and for each
step, we choose one of the neighbors of the vertex we are currently standing on and walk
there next. The spectral gap then measures how many steps we have to take until the
probability of being at any vertex in the graph is the same. Both terms are described in
detail in Section Fortunately, we do not have to choose one, since they are connected
via the Cheeger inequality.

To enforce the sparseness, we do not only look for a single graph, but for a family of
graphs G,,,n € N such that

(i) the number of vertices |V,,| grows to infinity,
(ii) each vertex has at most d neighbors,

(iii) for each n the graph G, is well-connected, i.e. h(Gn) > A or equivalently 1 —
X2(Gp) > A.

Here d € N, A\, A > 0 are constants that have to be the same for all graphs in the family.
If (i)-(iii) are satisfied, we call (Gp,)nen a family of expander graphs.

Expander graphs were first studied in the 1960s. A first proof for the existence of ex-
pander graphs was given in [Pin73| using random methods. Constructing explicit families
of expanders was not trivial, but by now many constructions are known. These include
group theoretic constructions using Cayley graphs [Mar73| and groups with Kaszhdan’s
property (T) (see e.g. |LPS88; Mar88|), but also elementary combinatorial methods like
the zig-zag product [RVWO00] are used to construct expander families. Expander graphs
have proven very useful in a variety of applications such as the construction of supercon-
centrators [Kla84], good sorting networks [AKS83] and error correcting codes [HLWO06).

But some problems remained open and could not be solved by considering expander
graphs. As an answer to this shortcoming, the idea of generalizing the concept of expansion
to higher dimension emerged.

The higher dimensional objects that we consider are so called simplicial complexes. We
again have a set of vertices V', but now we allow not only for two vertices to be connected
by an edge, but also for three vertices to be connected by a triangle, four by a tetrahedron
etc.. Thus a simplicial complex is a collection of subsets of vertices X C P(V') such that

e for each vertex v € V' the singleton {v} is in X,
e for each A € X and each subset B C A we have B € X.

The first condition makes sure that our vertex set is not larger than necessary. We will
slightly abuse the notation and identify v with the singleton {v}. The second condition
implies that X is closed with respect to taking subsets. For example if a triangle is in
X then also all the edges of the triangle have to be part of X. We call the elements of
X simplices or faces. An example of the visualizations of a simplicial complex is shown
in Figure [.2 The dimension of a simplex is the number of its vertices minus one, for
example the dimension of a triangle is two. The dimension of X is the maximum over the
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Figure 1.2: Example of a simplicial complex.

dimensions of its faces. We say that X is pure n-dimensional if every simplex is contained
in an n-dimensional one.

We can now generalize what it means to be highly connected to simplicial complexes.
There are several different approaches and unfortunately, they will turn out to not be
equivalent in dimensions two and higher anymore. In all cases, we are not only interested
in finding a single example (although that can already be challenging) but to construct
infinite families of complexes with a uniform bound on the expansion, with growing number
of vertices but with uniformly bounded degree, i.e. for each vertex the number of maximal
simplices which contain it is bounded.

Spectral expansion The idea here is to generalize the spectral gap definition of ex-
pansion. We consider higher dimensional random walks as follows. We start on an i-
dimensional simplex ¢ and sample uniformly at random an (i 4 1)-dimensional simplex 7
which contains o. We then sample an i-dimensional simplex contained in 7 at random and
walk to this simplex. This is called the up-walk and one can analogously define a down-
walk. The convergence of these random walks is, similarly to the graph case, governed by
the spectrum of a Laplace operator. We call X a A-spectral expander if the spectral gap
of the up-walk is at least A for all 0 < <n —1.

A second notion, called local spectral expansion, generalizes the spectral expansion
approach for graphs by looking at the neighborhood of each simplex, called link. If the
underlying graph of each link has spectral gap at least 1 — A, we call X a A-local spectral
expander. Every local spectral expander is also a spectral expander by a result of Garland
which is described in [GW16a].

Coboundary and cosystolic expansion We can generalize the Cheeger constant
by expressing it in terms of simplicial cohomology which then has a straightforward gen-
eralization to higher dimensions.

For a graph G = (V, E) its (weighted) Cheeger constant is given by

1BV )]
h(G) = min - )
(@)= B, (AT TV N A

where E(A, V'\ A) is the set of edges with one vertex in A and the other one not in A, and
given weight function w : VU E — R+ we define for a set B C V U E its weighted size

3
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|All=>_,cpw(a). If we consider w to be the constant one function, we have ||B||= |B]
and obtain the unweighted Cheeger constant. Instead of considering subsets of vertices,
we can also consider functions from V' to the field with two elements Fy = {0,1}. Then
A C V corresponds to the function that maps all vertices in A to 1 and the others to 0.
We denote the set of all functions from V to Fy by C%(G,F3). For each such function
f, we define its boundary dof : E — Fy by setting dof({v,w}) = f(v) + f(w). Note
that if f is the function associated to A as above, then dof({v,w}) = 1 if and only if
{v,w} € B(A,V \ A). We furthermore set C~1(G,F3) = {f : {#} — Fa} and for such
fset d_1f(v) = f(0) for all v € V. Hence the image of d_; : C~}(G,Fy) — C°(G,Fy),
called B%(G,Fs) consists of the constant zero and constant one function on the vertices,
which correspond to ), V' respectively. Thus we can rewrite h(G) as

ldo f]|

m - .
FECO(G F2)\BO(G F2) Minye o(cmy) ([1f -+ bl[)

Here || f]| is the (weighted) size of the support of f, i.e. of those vertices/edges for
which f has value 1.

For a higher dimensional simplicial complex X we can define C*(X,Fy) as set of func-
tions from the i-dimensional simplices of X to Fy. The so-called coboundary operator
d; : CY(X,Fy) — C**1(X Fy) generalizes dy as well and we set B*(X,F3) = Imd;_1. Then
the i-coboundary expansion constant of X is defined as

Ry (X, Fy) = ~ min - I:f]
FECHX,A\BH (X F2) Milye pi(x 1) (|| f — DI[)

Note that the norm here is not just the size of the support, but we weight the simplices in
the support according to the so called Garland weights, which take the higher dimensional
structure of X into account.

By taking the minimum over all f which are not in the kernel of d;, we get a potentially
larger constant called the cosystolic expansion constant, denoted hi (X, Fs).

We can define the coboundary and cosystolic expansion constant not just for Fy but for
arbitrary abelian groups, using cohomology theory. Furthermore, we can define h(ljb, hi,
also for arbitrary, potentially non-abelian groups.

Definition 1.1.1. Let X be a finite, pure n-dimensional complex, A an abelian group,
1<k<n-—1,and A\, > 0. We call X a (\,A) k-coboundary expander if

L(X,A) > A forall 0 <i < k.

We omit the k in the name if k =n — 1.
We call X a (A, pu, A) k-cosystolic expander if

hL(X,A) > X and ||f||> p for all f € kerd; \ Imd;_; for all 0 <i < k.
Let A be an arbitrary group. Then we call X a (A, A) 1-coboundary expander if

Rl (X, A) > A
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In contrast to the graph case, spectral and coboundary/cosystolic expansion are no
longer equivalent. For example, it was shown in [GW16b; SKM14] that the coboundary
expansion constant with Fo coefficients and the higher-dimensional spectral gap are not
comparable.

Despite the idea of high-dimensional expansion being quite new, it already sparked a
variety of applications. Local spectral expanders are used to construct agreement tests in
the high soundness regime [DK17;|DH24; DD19]. They also lead to solving a longstanding
conjecture regarding convergence of certain Markov chains by analyzing the global random
walk through local analysis at the links [Ana+24]. Cosystolic expanders which are not
coboundary expanders can be used to construct good quantum low density parity check
codes [EKZ24] and there is further development in this direction |[GK25|. Cosystolic and
coboundary expansion with coefficients in the symmetric groups are used to construct
agreement tests in the low soundness regime which lead to good probabilistically checkable
proofs [0S25; DD24a; DD24b; |DDL24]. The notion of swap cosystolic expansion, where
for some k the k-dimensional simplices are now considered as vertices of a new complex,
with adjacency as induced from the original complex, also plays a role here [DD24c|.

Furthermore, cosystolic expansion both with Fy and symmetric coefficients appeared
in considerations on the search of non-sofic groups |[GT24; CL25a]. Soficity is a group
property with some useful applications, e.g. Kaplanzky’s direct finiteness conjecture holds
for sofic groups [ES04]. It is conjectured by Gromov, who also introduced the term, that
all groups are sofic [Gro99|.

In contrast to expander graphs, not many constructions of high-dimensional expanders
are known. All constructions rely on group theory. One way of constructing a simplicial
complex from a group and a family of subgroups is the coset complex. It is defined as
follows.

Definition 1.1.2. Given a group G and a family of subgroups H = (Hy, ..., H,) of G,
we define the associated coset complex CC(G; (Hy, ..., H,)) as the simplicial complex with
vertex set | |, G/H; and where a set of vertices {g1Hj,, ..., g H;, } forms a (k—1)-simplex
in CC(G;H) if and only if their intersection is non-empty and the indices i; are pairwise
distinct.

Prior to this work, there were two main families of high-dimensional expanders, the
Ramanujan complexes [Li04; LSV05] and the Kaufman-Oppenheim complexes [KO23;
OP22; [DLZ23|. Both families of examples are discussed in more detail in Section
The Ramanujan complexes are quotients of Bruhat—Tits buildings by certain cocompact
lattices. The Kaufman—Oppenheim complexes are more elementary and can be described
as coset complexes of certain matrix groups.

But both constructions have their downside. The Ramanujan complexes are spectral
and cosystolic expanders, but were shown to not be coboundary expanders. Further-
more, they are not very symmetric and difficult to work with. On the other hand, the
Kaufman—Oppenheim complexes are highly symmetric and easy to describe, but they
are only spectral expanders in general, and only give rise to 2-dimensional coboundary
expanders.
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Thus, the work in this thesis is motivated by the goal of constructing new high-
dimensional expanders with the novel idea of using Kac-Moody—Steinberg (KMS) groups.
This lead to the development of KMS complexes, which seem to combine the best of the
two previously known constructions.

KMS complexes have already been used for first applications and the construction of
codes with good parameters in [Dik+26]|.

1.2 KMS groups and complexes

KMS groups have their origin in Kac-Moody theory, which is a natural generalization
to infinite dimensions of the classical setting of semisimple Lie algebras and groups. The
Kac—Moody algebras and groups are described by their generalized Cartan matrix (GCM)
which can be visualized by its Dynkin diagram. In this work, we will only consider so called
2-spherical GCMs, which implies that the Dynkin diagram is a finite graph, where vertices
can be connected by zero, one, two or three edges, and in the later two cases, the edges
are equipped with an arrow. An example is shown in Figure To each GCM/Dynkin

=

>3

2

Figure 1.3: An example of a Dynkin diagram.

diagram A and field K, we can associate a group G 4(K) called the minimal Kac-Moody
group of type A over K. It is defined by a presentation which is shown in Definition [3.4.4]

To A and K, we can also associate the corresponding Kac-Moody—Steinberg (KMS)
group. The idea is that we only want to consider the part of the Kac—Moody group
governed by the so called Steinberg relation, hence the name.

Let I = {0,...,n} be the set of vertices of the Dynkin diagram A. For each a € I we
let U, = (K,+) denote a copy of the additive group of the underlying field. For a,b € I
we define groups Uy, depending on how a, b are connected in the Dynkin diagram.

(i) If a,b are not connected by an edge, then Uy, = U, x Uy,

(ii) If a,b are connected by a single edge, then

1
Uap = 0 |$7yaZ€K
0

o = 8
R N

We see U, < Uy, by identifying it matrices of the above form with y = z = 0, and
Uy < Uyp by identifying it matrices of the above form with x =y = 0.
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(iii) If a,b are connected by a double edge with an arrow pointing to a then

1 w wy+z y+wzx
0 1 Y x
= <
Uab 0 0 1 0 ’w7$>y7Z€K _Sp4(K)
0 0 —w 1
T O _[2
where Sp,(K) = {A € GLy(K) | A*JA = J} for J = L o0) We can see
—13

U, < Uy, via the entry named w above and U, < Uy, via the entry named x.

(iv) If a,b are connected by a triple edge, then Uy, is a group of type Ga. We will not
go into details here since it is not relevant for most of the examples.

Note that if we would drop the 2-spherciallity assumption, the groups U, would no
longer be subgroups of a Chevalley group. In particular, it will later be essential that over
a finite field K the groups U, are finite which requires 2-spherciallity.

Definition 1.2.1. Let A be a 2-spherical Dynkin diagram and K a field. The KMS group
UA(K) of type A over K is the free product of the Uy, a,b € I amalgamated along the
U,’s.

The free product with amalgamation is defined in Definition [3.5.17] Intuitively, it is
the free product of the U,;’s glued together such that the image of U, in U, and Uge
coincide. It is true, although non-trivial, that the groups U,, Uy, embed into U (K). We
will denote their images in U4 (K) by Uy, U,y again.

0

Example 1.2.2. Let A by the Dynkin diagram 5/—;;3 and K be a field of size at
least 5. Then
1 X 00 10 00 1 0 00 1 000
~/ {0 1 00 01 u O 01 00 0 1 0O
0 0 01 00 01 0 0 01 vt 0 0 1
< SLy(KT[t]).

We have that

1 0 0 0 1 200

o 10 0 o100

v 0 0 1 0 0 0 1

1 0 0 O 1 0 0 O

o1 uo0 o100
R PP RIS SRUCE N ) RESS OF

0 0 0 1 0 0 0 1
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Figure 1.4: List of the connected spherical Dynkin diagrams.

Note that each two of these groups, whose corresponding vertices are connected by an
edge in Dynkin diagram, generate a subgroup isomorphic to

1 Tr1 T2 I3

0 1 x4 =z ‘
000 1 z0f ™€K
0O 0 0 1

as required by (ii). To injectively embed all of them into SL4 we need to add the variable
t and consider SLy(Kt]).

If K is a finite field, the KMS group U (K) is finite if and only if A is a spherical
Dynkin diagram. These are specific diagrams that have been classified and can be seen in
Figure

We call a subset of vertices J C I spherical if the induced subdiagram is spherical, i.e.
is in the list of diagrams in Figure We call a Dynkin diagram A m-spherical, if each
subdiagram on m vertices is spherical. Let Q4 = {J C I | J is spherical}. For example,
the diagram in Figure is 2-spherical but not 3-spherical.

An example of a Kac-Moody—Steinberg group was first mentioned in [ErsO8] as a
Golod-Shafarevich group with property (T). KMS groups on Dynkin diagrams with three
vertices (i.e. with rank 3) were further investigated in [Cap+22]. There is a dichotomy
between KMS groups which are only 2-spherical and those which are at least 3-spherical.
The latter are isomorphic to the maximal unipotent subgroup U™ of the Kac-Moody
group, while the 2-spherical KMS groups only surject onto this group. The kernel of this
morphism is further investigated in [CM26].

We can now define the main object of this work, the KMS complexes.

Definition 1.2.3. Let A be a Dynkin diagram on the vertex set I = {0, ...,n} which is
n-spherical (i.e. each proper subdiagram is spherical). Let K be a finite field with at least
four elements. For each spherical J € @4 we define its local group

Uy = (Us|acJ)<Us(K).
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Furthermore, let ¢ : Ua(K) — G be a finite quotient of ¢4 (K) such that
(i) ¢|u, is injective for all J € Q 4,

(ii)) ¢(UyNUL) = p(Us)Np(Uy) for all J, L € Q.

Then we set
X = CC(G; (¢(Un\qay)ier))
and call X a KMS complex of type A over K.

Do finite quotients of the KMS groups satisfying the assumptions of Definition [T.2.3]
exist? The straightforward answer is yes. If A is at least 3-spherical and |K|> 5 then
UA(K) is residually finite, and hence we can find an infinite family of finite quotients
which is injective enough. If A is of rank 3 and 2-spherical, then U4 (K) is most likely not
residually finite (it is known for K = Q and expected for other fields, see [CM26]), but
surjects onto a group which is, and this surjection is injective enough to still give rise to
finite quotients satisfying the assumptions of Definition [1.2.3] This is discussed in detail
in Section 4.2

For KMS groups of affine untwisted type (see Figure , we can construct KMS
complexes explicitly in the Chevalley groups of the corresponding spherical type. These
are matrix groups, for example SL,;(K) is the Chevalley group of type A, over K,
see Section [3.2] for more details. We present the idea with the following example which
already shows all the key steps. KMS complexes of this form are called congruence KMS
complezes and are defined in detail in Section [4.3]

Example 1.2.4. While the KMS groups U4 (K) is not known to be isomorphic to a sub-
group of SL3(K[t]) (only for SL, with n > 4) we can still construct KMS complexes using
SLs. Let ¢ : Ua(K) — SL3(K]|t]) denote the map similar to the one from Example
(see Section for more details). We get the following images of the local groups of the
spherical subsets of I = {0, 1,2}:

1 K K 1 K 0 1 0 O
pU2) =10 1 K|, ¢Un)=[0 1 0|, ¢Up)=|Kt 1 K
0 0 1 Kt Kt 1 Kt 0 1

Here (and also below) we use a shortened notation, by which we for example mean

1 0 0 1 0 0
Kt 1 K| = Mt 1 g ‘ N €K
Kt 0 1 A3t 0 1

To construct an infinite family of KMS complexes, we fix a family of irreducible poly-
nomials (fim)men in K[t] with increasing degrees. This gives rise to maps

bm =T, © ¢ UAK) = SLy(K[t]/(fm))

by taking each entry of the matrices modulo the ideal generated by f,.
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Setting

Gm = SL3(K[t]/(fm))a Hg)n =T fm (¢(U12))7 Hin = Tfm (¢(U02))’ Hén = me(QS(UOl))

we get an infinite family of KMS complexes of the form X,,, = CC(G; HY*, H", Hy"), m €
N.

We will use the notation X,, = X (Asg, K, f;) which denotes that we take the congru-
ence KMS complex over the Chevalley group of type Ay (which is SL3) over K[t]/(fm) as
the finite quotient of the KMS group. This construction works analogously for all other
spherical types.

1.3 KMS complexes are high-dimensional expanders

We are now ready to state the main results of this work. Summarized in one sentence, we
show that KMS complexes are good high-dimensional expanders. In more detail, we have
the following.

Main Theorem A (Theorem[4.4.3). Let A be a Dynkin diagram with n+1 > 3 vertices
which is non-spherical but n-spherical. Let K = [F, be a finite field of size at least 4. We
define the parameter v depending on A and K as follows:

e If A has at most single edges, we set v = %;
e if A has at most double edges, we set v = \/g ;

e if A has a triple edge, we set v = %.

If v < % then any KMS complex of type A over K is a 7/-local spectral expander, for
7= 1—(77—1)7'

For the cosystolic expansion result, we have to restrict to Dynkin diagrams on (n + 1)
vertices which are n-classical. This means that any connected component of any subdia-
gram on n vertices is of type Ag, By, Ck, or D as depicted in Figure [1.4

Main Theorem B (Corollary . Let n > 3 be an integer and ¢ a prime power. Let
A be a Dynkin diagram on n+ 1 vertices which is n-classical. Let X be a KMS complex of
type A over Fy. Let Y denote the (n —1)-skeleton of X. Then there exist ¢, 1 > 0,q9 € N
such that if ¢ > go then Y is an (g, u, A)-cosystolic expander for every finitely generated
abelian group A.

The (n — 1)-skeleton of a simplicial complex is the complex we obtain by only consid-
ering simplices up to dimension (n — 1) and forgetting the higher dimensional structure.

We also get a bound on the cosystolic expansion in degree 1 for arbitrary, also non-
abelian, groups.

10
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Main Theorem C (Corollary [6.5.6). Let n > 3 be an integer. There exist € > 0,¢gp € N
such that for all prime powers ¢ > qg and every n-dimensional, n-classical KMS complex
X over F, and every group A, we have hl (X, A) > e.

For classical congruence KMS complexes, we can sharpen the result and obtain 1-
coboundary expansion.

Main Theorem D (Corollary [6.5.7). Let n > 3 and let T,, denote one of the types
Ay, B,,Cy or D,. Then there exist ¢y € N,e > 0 such that

(i) for every field K with |K|> qp and char(K) = p # 2,

(ii) for every group A with no non-trivial elements of order p, (e.g. if A is finite and
[A[<p),

(iii) for every irreducible polynomial f € K[t] of degree at least 2
the congruence KMS complex X (T,,, K, f) is a (A, e) 1-coboundary expander.

For all three types of high-dimensional expansion that we covered, local spectral, cosys-
tolic and 1-coboundary, KMS complexes give rise to new examples of infinite families of
bounded degree, since in the all three cases, the expansion and the degree of the KMS
complexes does only depend on the type/the Dynkin diagram of the group, and the field,
but not on the finite quotient. Thus, after fixing a type and a field satisfying the assump-
tions of the result that we want to apply, we can take an infinite family of finite quotients
of Us(K) which give rise to KMS complexes and then these will be families of HDX as
desired.

1.4 Proof methods

To prove both local spectral and cosystolic expansion, we will use local-to-global results
that were developed previously in [Oppl8] (for local spectral) and [EK24] (for cosystolic
expansion). In both cases we only have to consider the links of certain simplices and show
good expansion for those.

Definition 1.4.1. Let X be a simplicial complex and let ¢ € X. The link of ¢ in X is
kx(o)={reX|oUTe X, ont =10}

If X is pure n-dimensional then dim(lkx (o)) =n —dimo — 1.
We call a link proper if it has dimension at least 1 and it is not the whole complex,
ie. if 0 <dimo <n — 2,

A key property of the KMS complexes is that the proper links do not depend on the
finite quotient ¢ : U (K) — G but only on U (K). Furthermore, the links are isomorphic
to certain subcomplexes of spherical buildings called opposite complexes. Spherical build-
ings are highly symmetric simplicial complexes. Intuitively, they can be thought of as

11
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a bouquet of triangulated spheres (and higher dimensional generalizations thereof) such
that each two simplices are contained in a common sphere. For each type from Figure|[1.4
we get one way of triangulating the sphere (or its higher dimensional analogs) and hence a
corresponding building. In each triangulated sphere we have an opposition relation, which
intuitively says which simplices lie on opposite sides of the sphere. Thus, after fixing one
maximal simplex, we can consider the complex of all simplices opposite the fixed one.
This is called the opposite complex.

Each Chevalley group over a finite field gives rise to a finite, spherical building. We
demonstrate this again using SL3 as example Chevalley group.

Example 1.4.2. Let K be a finite field. Consider the following subgroups inside SL3(K):

K K K K K K
P1: 0 K K ,P2: K K K
0 K K 0 0 K

Then A = CC(SL3(K); (P, P2)) is the spherical building of type Ay over K. The complex
opposite the edge {1P, 1P} has the form

1 0 0 1 0 0 1 0 0
A°® =CC K 1 0]; K 1 0],{0 1 0
K K 1 0 01 0 K 1

We can also describe the building from an incidence geometric viewpoint. Let V = K3
be the 3-dimensional vector space over K. Then the vertices of A correspond to proper
subspaces 0 < U < V and two such distinct vertices U, W are connected by an edge if
they are incident, i.e. if U <W or W < U.

We can go from one to the other description as follows. Note that SL3(K) acts transi-
tively on the set of 1-dimensional and the set of 2-dimensional subspaces of K3. We have
that Py = Stabgp,x)({(1,0,0)",(0,1,0)") k) and P, = Stabgy,x)({(1,0,0)") k). Thus
{0 <U <V} =SL3(K)/P,USL3(K)/P,. The action of SL3(K) preserves incidence, and
thus the adjacency relation in both graphs is the same.

To show local spectral expansion of the KMS complexes, Oppenheim’s Trickling Down
Theorem (Theorem reduces the problem to showing that the complexes themselves
are connected and that the links of codimension 2 faces are good expander graphs. The
connectedness follows easily from the group theoretic properties. The expansion of the
links, which in this case are graphs, can be deduced from the known expansion properties
of the spherical buildings in dimension 1.

To prove cosystolic expansion the local-to-global result by Evra-Kaufman reduces the
question to showing that the complex is a good local spectral expander, and that all proper
links are coboundary expanders, with coboundary expansion constant independent of the
spectral expansion constant. A large part of our work is devoted to showing coboundary
expansion of the links. The arguably only way for showing coboundary expansion at this
point is the cones method. In the graph case, a cone function is a family of paths from
one fixed vertex v to all other vertices. The cone radius is then the maximum over the

12
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length of these paths. If the graph is symmetric enough, this indeed gives rise to a bound
on the expansion, as the following theorem shows.

Theorem 1.4.3 ([Chu97, Theorem 7.1]). Let X be a finite connected graph such that
its automorphism group acts transitively on the edges. Let D denote its diameter, i.e.
D = max, ,¢x (o) min{length(P) | P path between u and v} and let h(X) be its Cheeger
constant. Then h(X) > 55.

Higher dimensional cone functions are a generalization of this idea such that for a suf-
ficiently symmetric complex a bound on the cone radius gives a bound on the coboundary
expansion constant.

We develop new tools for constructing cone functions which allow us to build cone
functions for opposite complexes of spherical buildings. We follow the work of Abramenko
in |Abr96|, where he showed that the opposite complexes are highly connected, thus
quantifying his result. This uses the incidence geometric viewpoint on buildings.

Lastly, we show that the first cohomology group of the classical congruence KMS com-
plexes is trivial with respect to many coefficient groups, which, together with the cosystolic
expansion results, implies that these KMS complexes are 1-coboundary expanders.

1.5 Outline

The thesis starts with two chapters on preliminaries, which cover the two main topics of
this work, high-dimensional expansion and Kac—Moody theory.

In Chapter 2] we start by recalling some basic facts on expander graphs in Section [2.1
Then we discuss simplicial complexes and define their cohomology and homology both with
abelian and non-abelian coefficient groups in Section [2.2] Using the language of simplicial
complexes, we define various notions of high-dimensional expanders, namely spectral,
local spectral, geometric and topological, coboundary and cosystolic in Section In
Section [2.4] we explain a main tool for constructing simplicial complexes from groups,
the coset complexes. We finish the chapter by describing the known constructions of
high-dimensional expanders previous to our work in Section [2.5

Chapter [3] covers the preliminaries on Kac-Moody theory. We start by recalling some
facts about Lie algebras and their associated root systems in Section [3.1] and describe the
associated Chevalley and Steinberg groups in Section We then generalize the ideas of
semisimple Lie algebras to the infinite dimensional Kac-Moody algebras in Section
Using these tools we define the minimal Kac—-Moody group associated to a Kac—-Moody
algebra in Section A key tool for working with Kac—Moody groups is their action on
the associated twin building. We describe these buildings, both from a simplicial complex
viewpoint as well as the chamber system approach in Section [3.5] This allows us to
carefully study the opposition relation both in spherical buildings and in twin buildings.
The complex opposite a fixed chamber will play a crucial role later in the proofs, thus
we describe it in detail and show how it interacts with the maximal unipotent subgroup
U™ of the Kac-Moody group in Section We finish the chapter with a description of
the buildings of type A,,C,, and D,, as flag complexes of certain incidence geometries in

13
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Section [3.7] This will be important for the proof of coboundary expansion of the opposite
complexes, but is not relevant for other parts of our work.

In Chapter [4, we introduce the protagonists of this work, the KMS groups in Sec-
tion and KMS complexes in Section We describe a concrete example, the con-
gruence KMS complexes and KMS complexes in matrix groups of arbitrary large rank
in Section We finish the chapter by showing that KMS complexes are local spectral
expanders in Section These results were mostly covered in |[GV25].

In Chapter [5] we introduce cone functions, a key tool in showing coboundary expansion
both with abelian and non-abelian coeflicients. We give detailed proofs for some known
results and develop several new tools for constructing cone functions which were developed
in [OV25a; OV25b].

In Chapter [6 we put all the pieces together and show that classical KMS complexes
give rise to cosystolic expanders. We achieve this by constructing cone functions for
the opposite complexes of type A,,C, and D, in Sections [6.1] to [6.3] respectively. In
Section we show vanishing of the first cohomology of the congruence KMS complexes.
In Section [6.5] we use the local-to-global machinery to conclude cosystolic expansion and
1-coboundary expansion.

Lastly, in Chapter [7, we discuss further research questions and ideas around the topic
of high-dimensional expansion and KMS complexes.

1.6 Conventions

We denote by N = {1,2,3,...} the set of positive integers, and Nyo = N U {0}. As
customary, Z, Q, R, C denote the integers, rational, real and complex numbers respectively.
For a prime power ¢, we denote the field with ¢ elements by F,. For a ring R, we denote
by R* the set of (multiplicatively) invertible elements. For a € Z we write Z>, = {2z €
Z | z > a} and similarly for < and N,R. For a set A we let |A| be the cardinality of A.
For a vector space V over a field K its dual is denoted as V* = {f : V — K linear}.

For two indices 7, j in some index set, we denote by d;; is the Kronecker delta, i.e.

0 ifi#j
b5 = L
1 ifi=y

We will use A := B if we want to stress that A is defined as B, but if it is clear that
we mean a definition, we also just write A = B.

14



Chapter 2

Preliminaries - High-dimensional
expanders

We collect the necessary preliminaries on expander graphs, simplicial complexes and their
(co)homology, high-dimensional expansion and coset complexes. We then discuss con-
structions of high-dimensional expanders previous to our work.

2.1 Expander graphs

Thinking of expander graphs one should have the picture of an optimal communication
network in mind. On one hand, information in the network should spread quickly and
cutting a few edges should not separate a significant part from the rest, on the other hand,
it should be cost efficient, hence be sparse and not contain too many edges. Two main
ideas for measuring the connectivity of a graph have developed. The Cheeger constant
measures how many edges need to be cut to separate a large fraction of vertices. The
spectral gap gives information on the convergence rate of the (lazy) random walk on
the graph, hence measuring how fast information can spread. Luckily, we don’t have to
decide for one of the two methods to define expander graphs, since the Cheeger inequality
relates the two notions. The sparseness of the graphs is enforced by not just considering
one graph, but an infinite family of finite graphs with uniform bound on the degree, but
growing number of vertices.

For this section, let G = (V, E) denote a finite, simplicial graph (i.e. no orientation,
loops or double edges). We equip the graph with a weight function w: VU E — R*. For
a subset A C V U E we denote ||Al= >, 4 w(a). Further, for two subsets A,B C V we
write E(A, B) = {{v,u} € E'| v € A,u € B} for the set of edges between the sets A and
B.

Definition 2.1.1. Let G = (V, E) be a finite, simplicial graph with weight function w.
Its Cheeger constant is defined as

_ o EA VA
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2. PRELIMINARIES - HIGH-DIMENSIONAL EXPANDERS

The usual definition of the Cheeger constant is then obtained by assigning weight 1 to
each vertex and edge.

Let M denote the random walk matrix of G, i.e. M is indexed by the vertices and its
entries are given, for v,u € V, by

__ w({v,u})
Mv,u a ZCEEI’UEE w(e) .

Here we set w({v,u}) = 0 if {v,u} ¢ E. M,, denotes the transition probability of
moving from v to w in one step of the random walk. This matrix is self-adjoint with
respect to the inner product (a,b) = > oy (X .cppee w(€)) avby for a,b € RIVI. Hence all
the eigenvalues of M are real and we denote them by A\ > Ay > ... > >\|V|- Since M is a
stochastic matrix, we have A\; = 1. The value 1 — Ay is called the spectral gap of G. We
will write A2(G) to denote the second largest eigenvalue of the random walk matrix of G.

Proposition 2.1.2. (Cheeger inequality, see e.g. [KS11, Proposition 1.84].) For any
finite, simplicial, d-regular graph G = (V, E) with constant 1 weight function, we have

WGP _ 1= 2(G)
2 = 4

< 20(G).

Definition 2.1.3. Let (G,,)nen be family of finite, simplicial graphs with respective vertex
sets V(Gy,). We call it a family of expanders if there exist d € N,e > 0 such that

(i) for all n, h(Gj) > €, or equivalently 1 — X\2(G,,) > ¢,
(ii) for all n, for all v € V(G),) we have deg(v) < d,
(iii) |V(Gp)|— oo for n — oo.
More on the history, applications and constructions of expander graphs can be found

e.g. in [HLWO06].

2.2 Simplicial complexes and their (co)homology

We extend the setting of graphs to higher dimensions by allowing three vertices to form
a triangle, four to form a tetrahedron etc. which gives rise to objects called simplicial
complexes. To be able to later describe the generalizations of expansion to simplicial
complexes, we need the language of cohomology which we also introduce in this chapter.

Simplicial complexes We start by giving the definition of simplicial complexes and
recall some basic properties.

Definition 2.2.1. A simplicial complex X consists of a set of vertices V' and a collection
of subsets of vertices X C P(V') such that

(i) {vieX forallveV,
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(ii) for all A€ X,B C A we have B € X (i.e. X is closed under taking subsets).

The elements of X are called simplices or faces. Given a simplex o € X we define its
dimension dim(o) = |o|—1. We will denote X (k) = {0 € X | dim(o) = k} for all k£ € Ny.
We set X (—1) = {0}.

As is customary, we will identify the singletons {v} with the vertices v € V. In
particular, we identify X (0) with V" and also write X (0) for the set of vertices.

We call a simplicial complex finite if its vertex set is finite. We call it n-dimensional
for some n € N if max,ecx dim(o) = n. Further, X is pure n-dimensional if every face is
contained in an n-dimensional one.

The degree of a simplex ¢ in a pure n-dimensional complex X is the number of maximal
faces containing o, i.e. deg(o) = [{T € X(n) | o C 7}|.

The k-skeleton of X, for some 1 < k < n,is X=F = Uf:o X (7). This is a k-dimensional
simplicial complex obtained by forgetting the higher-dimensional structure of X. In par-
ticular, the 1-skeleton of X is its underlying graph.

We call a simplicial complex connected if its 1-skeleton is connected as a graph.

Definition 2.2.2. Given a simplicial complex X and a simplex o € X, the link of ¢ in
X is defined by
kx(o)={reX|tNno=0,7Uc € X}.

Remark 2.2.3. Intuitively, the link describes how the complex locally behaves around
the fixed simplex. If dim(o) = k and X is pure n-dimensional then lkx (o) will be an
(n — k — 1)-dimensional simplicial complex. As we will see below, this is a useful tool to
reduce the dimension and work with inductive arguments.

Similarly to the link, one can also consider the star around a simplex.

Definition 2.2.4. Let X be a simplicial complex, 0 € X. Then the star in X around o
is
stx(o)={re X |o C1}.

Remark 2.2.5. The link and star in X around o are related as follows.
lkx(o)={r\o|Testx(o)}

Remark 2.2.6. A different way to see a simplicial complex is as a partially ordered
set (poset) (A, <) with the property that for every two elements a,b € A there exists a
greatest lower bound and such that for alla € A: {b€ A |b < a} = P(V,) for some set
V4. Such a poset always has one smallest element, corresponding to the empty set in the
simplicial complex. The minimal elements of A without the smallest element correspond
to the vertices. Conversely, a simplicial complex X with the inclusion relation is a poset
satisfying the above properties.

This is not to be confused with the following construction that assigns to an arbitrary
non-empty poset (A, <) a simplicial complex Flag(A) with vertex set being the set A, and
a where a subset B C A forms a simplex if its elements can be arranged in a flag, i.e. of
the form b; < by < ....
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Simplicial (co)homology - abelian coefficients Homology and cohomology were
developed as a tool to compute homotopy groups of topological spaces and has proven
especially useful when applied to simplicial complexes due to their discrete nature. A
standard reference for this topic is [Hat02].

Let A be an abelian group, X an n-dimensional simplicial complex. For 0 < i < n,
let ?(z) denote the space of oriented i-dimensional simplices of X. Given a simplex
{vo,...,ux} € X we will write [v,...,vg] for the oriented simplex given by the order of
the vertices, i.e. the orbit of (vp,...,v;) under the action of all even permutations on
k + 1 elements. Note that every simplex has two possible orientations, e.g. for a triangle
one can read the vertices clockwise or anti-clockwise. Given o € we write —o for the
oriented simplex on the same vertex set but with the other orientation. Further note
that for [vo,...,vx] € X and a permutation ¢ € Sym(k + 1) we have [vgqy, - - -, Vp(r)] =

(—1)%&(P)[yg, ..., vy]. Given oriented simplices 7 = [vg, ..., v;] € X (k) and o € X (k—1)
we define their oriented incidence number [7 : o] to be 0 if o € 7 and (—1)" if the vertex
that is contained in 7 but not in o is v;, i.e. if 0 = [vg, ..., Vi—1,Vit1, .-, V]

Definition 2.2.7. The set of i-cochains of X with coefficients in A is the set of anti-
symmetric functions from X (i) to A, i.e.

CUX,A) = {f: X(i) = A| f(—0) = —f(0) for all 0 € X (i)}.
The i-th coboundary map is given as follows.
di : C'(X,A) = CTH X, A) : (dif)(0) = > [o:7]f(7).
reX (i)

The concatenation d; o d;_1 = 0 for all 0 < ¢ < n — 1. Hence, we can define the
following.

Definition 2.2.8. We define the set of i-coboundaries BY(X,A) = Imd;_; and i-
cocycles Z'(X,A) = kerd;. Then the i-th cohomology group is given by H'(X,A) =
ZY(X,A)/B'(X,A).

We will also need the dual versions of Definition 2.2.7 and Definition 2.2.8

Definition 2.2.9. The set of i-chains of X with coefficients in A is the set of formal
linear combinations of oriented ¢-simplices with coefficients in A, i.e.

Ci(X,A) = Z AoO | Alg = =X, for all o € Y(z)
oeX (i)

The i-th boundary map is given as follows.

0;: Ci(X,A) = Ci—1(X,A) : 0; Z oo | = Z Z [o:7]\s | T
oeX (9 reX(i-1) \oeX ()
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We again have that 0; 0 9,11 = 0.

Definition 2.2.10. We define the set of i-boundaries B;(X,A) = Im0;y; and i-
cycles Z;i(X,A) = kerd;. Then the i-th homology group is given by H;(X,A) =

For finite simplicial complexes, the homology and cohomology group over a field are
finite dimensional vector spaces which are dual to each other. Hence we observe the
following.

Observation 2.2.11. Let X be a finite n-dimensional complex and F a field. Then
HY(X,F) = H;(X,F) for all 0 < i < n.

Simplicial cohomology - non-abelian version Here we recall the basic definitions
of cohomology with potentially non-abelian coefficient group A. In this setting it only
makes sense to consider —1,0 and 1 cochains. We follow the exposition in [OV25b].
Throughout, we denote X to be a finite pure n-dimensional simplicial complex. We will
write Xoq for the set of ordered simplices of X. This means that a simplex {vg,...,v;} €
X does not only get assigned an orientation as before, but we differentiate between all
possible orderings of the vertices, i.e. all (vr(), ..., VUrx)) for all 7 € Sym(k + 1). Note

that ?(z) = Xord(i) for ¢ < 1. Like above, we will denote ordered simplices with round
brackets, while we use square brackets for oriented simplices.

Given a group A, now potentially non-abelian, we define the space of k-cochains for
k= —1,0,1 with values in A by

CTHX, A) = {6 : {0} — A},
CUX,A) = {¢: X(0) — A},
CHX,A) = {01 Xora(1) = A | V(u,0) € Xora(1), &((u,0)) = (&((v,u)) "'}
We define the coboundary maps dj : C¥(X, A) — C*+t1(X, A) as follows:
e k= —1: For every ¢ € C™'(X,A) and every v € X(0), we define d_;p(v) = ¢(0).

e k= 0: Forevery ¢ € CY(X,A) and every (vg,v1) € Xora(1), we define dod((vo, v1)) =
$(v1)p(vo) 1.

e k= 1: We also define the map d; : C'(X,A) — {¢ : Xa(2) — A} as follows: for
every ¢ € CH(X,A) and every (vg,v1,v2) € Xora(2), we define dy¢((vo,v1,ve)) =
¢((vo,v1))@((v2,v0)) P ((v1, v2))-

Remark 2.2.12. Note that for ¢ € C'(X,A) we have that di¢ is not anti-symmetric
anymore, i.e. di((Vr(0); Vn(1) Vr(2))) 7 (d1¢((vo,v1,v2)))¥8™) in general. Thus it is not
a well-defined function on the oriented triangles as in the abelian case, and we have to
consider ordered triangles instead.
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But for m € Sym(3) we still have that d1¢((vr(0); Vr(1), Vr(2))) = 1 <= d16((vo,v1,v2)) =
1 since

di¢((v1,v2,v3)) = ((v1,v2))P((v3,v1))P((v2,v3)) = 1 (2.1)
= ¢((vs,v1))p((v2,v3))P((v1,02)) = 1 (2.2)
> 9((v2,v3))9((v1,v2))9((v3,v1)) =1 (2.3)

(2.4)

which covers all even permutations. For the odd ones, we can do the same trick applied
to (d1¢((v1,v2,v3)))~! = 1. Thus we can still define supp(di¢) = {{vo,v1,v2} € X(2) |

d19((vo, v1,v2)) # 1}.

Note that we have

(do © d—1)(9)((v0,v1)) = (d-1(v1))(d-16(v0)) " = ¢(D)p(0) " =1
and
(d1 o do)(¢)((vo, v1,v2)) = dod((vo, v1))dod((v2,v0))dod((v1,v2))
= ¢(v1)$(v0) " P (v0)P(v2) T P(v2)p(v1) T = 1.
Thus we can again define cocycles and coboundaries for kK = 0,1 by
ZMX, ) = {¢ € CF(X,A) : dpop = 13,
BY(X, A) = Im(dy_1)

and get that B*(X,A) C Z*(X,A) (as sets).

We further define an action of C*¥~1(X, A) on Z¥(X, A):

e An element 1) € C71 (X, A) acts on Z°(X,A) by

¥.p(v) =(0) " (v), Ve € Z°(X, A), Vv € X(0).
e An element ¥ € CY(X,A) acts on Z}(X,A) by
¥.¢((v0, 1)) = ¥ (01)((v0, v1))¥(vo) . Ve € ZH(X, A), ¥(vo, v1) € Xora(1).

We denote by [¢] the orbit of ¢ € Z¥(X, A) under the action of C*~1(X, A) and define

the reduced k-th cohomology to be
HY (X, A) = {[¢] : ¢ € ZF(X, A)}-

We will say that the k-th cohomology is trivial if H*(X, A) = {[¢ = 1]} and note that the
cohomology is trivial if and only if B¥(X,A) = Z¥(X, A).

Remark 2.2.13. If A is an abelian group, the definitions in this section coincide with the
ones in the previous section. Thus, this can be thought of as an extension of the abelian
case. Note that in previous works on the topic dg¢ was defined to have the inverse value of
how we define it, and d; ¢ was adapted accordingly. Thus, it was not a direct generalization
of the abelian case. For the purpose of considering coboundary and cosystolic expansion,
it does not make a difference however, since in that case we consider the minima over all
ordered simplices, thus for each value also its inverse will appear.
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Topological viewpoint We briefly discuss how abstract simplicial complexes as de-
fined above can be seen geometrically as subspaces of some R?. We follow [Mat03] and
also refer to this source for more details and proofs.

Fix some dimension d € N and 0 < n < d. An n-simplex in R? is a set

n n
U(Uo,...,vn)z {Z)\i?}i’Z)\i=1,)\i20,i=0,...,n}
=0 =0

where {vg,...,v,} is a set of points of R? not contained in an (n — 1)-affine subspace of
RY. For any subset of points {viy,...,v;, } C {vo,...,vn}, we call o(vy,,...,v;,,) a face
or subsimplex of ¢ (vg, . ..,v,). For a simplex o € R? we write & for the underlying set of
vertices, i.e. d(vo,...,vn) = {vo,..., v}

A geometric simplicial complex consists of a set of vertices V' C R? and a set of
simplices S inside R? such that

(i) for each 0,7 € S : 0 N7 is a subsimplex of both ¢ and T,

(ii) when considering the underlying set S = {5 | o € S} it is an abstract simplicial
complex with vertex set V.

Definition 2.2.14. Let X be an abstract simplicial complex on the vertex set V. We
call a geometric simplicial complex (V’,S) in some R? a geometric realization of X if S is
isomorphic to X as abstract simplicial complexes. We set |X|s= U s C R? and view it

ses
as a topological space equipped with the subspace topology of R,

Remark 2.2.15. Any finite simplicial complex X has a geometric realization in RIXO)I
For each v € X (0) let e, denote the corresponding standard basis vector in RIX()!, Then
for 0 € X we set

o = D N [ A =0, N =1

veoNX(0)

Then ({e, | v € X(0)},{0o’ | 0 € X}) is a geometric realization of X. Note that this
is not optimal on the dimension of the vector space that we need. Indeed, any finite
d-dimensional simplicial complex has a realization in R24+1,

Remark 2.2.16. Any two geometric realizations of an abstract simplicial complex are
homeomorphic. Thus it makes sense to talk about the geometric realization of an abstract
simplicial complex X, and we write | X| for one and hence up to homeomorphism any
topological space associated to X as above.

Definition 2.2.17. Let k € Z>o. A topological space T is k-connected if for every
¢ =0,...,k, each continuous map from the ¢-sphere to T, f : S* — T is nullhomotopic,
i.e. homotopic to a constant map that maps all points of S* to a single point ty € T
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Remark 2.2.18. Let k£ > 0. A space T is k-connected if and only if all homotopy groups
m;(T) = 0 for 0 <14 < k with respect to any basepoint.

Since homology and cohomology are homotopy invariant, we have that for a simplicial
complex X such that |X| is k-connected, then H;(X,A) = 0 and H*(X,A) = 0 for all
0 < ¢ < k. By the Hurewicz theorem we furthermore have Hy1(X,Z) = m41(|X]|). We
call an abstract simplicial complex k-connected if its geometric realization is k-connected.

Remark 2.2.19. A space T is called contractible if the identity map id : T — T is
nullhomotopic. This is equivalent to saying that T is homotopic to a one-point space. In
this case, T' is k-connected for all k € N.

2.3 Higher dimensional versions of expansion

The idea of high-dimensional expanders it to generalize the properties of being sparse and
at the same time highly connected to simplicial complexes. There are various ways of how
one can generalize being well connected to higher dimensions. We treat the main notions
in the remainder of this section. In dimension > 2, these notions are no longer related via
a Cheeger inequality and hence have to be treated individually. Counterexamples can be
found in [SKM14; GW16a].

To achieve sparseness, we ask, similar to the graph case (Definition , not just for
one high-dimensional expander, but an infinite family of bounded degree complexes that
grow in size but have a uniform bound on the degree in the following sense.

Definition 2.3.1. For any type of e-high-dimensional expander (HDX) introduced below,
we call a family of simplicial complexes (X, )men a family of HDX (of that type) if there
exist n € N>1,d € N, e > 0 such that

e for each m, X, is a finite, pure n-dimensional simplicial complex,
e for all m and all v € X,,,(0) we have deg(v) < d,
e | X,,(0)]— oo for m — oo,

e for all m, X, is an e-HDX.

Spectral expansion We follow the description of spectral expansion in [Lubl8|. For
this part, we consider (co)homology with coefficients in R. We fix a finite, pure, n-
dimensional simplicial complex X. Now, C*(X,R) has a natural structure as a Hilbert
space, given by the inner product

f.0) = =

1 Y den(o)f(o)a(o)

oeX (i)
for f,g € C*(X,R). Here the degree of an oriented simplex is the same as the degree

of the unoriented simplex on the same vertices. We can then consider the operators on
C*(X,R) given by
AP =did;; AP =didl s Ay = AP 4 Afn

1
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where d} denotes the adjoint of d; with respect to the inner product above. It has the
following form, for f € C*"}(X,R) and o € ?(z)

= defga Z [T : o] deg(T)f(T).
reX (i+1)

(di f)(o)

The operator A" can be interpreted as describing a random walk in the following
way. One walks on the i-dimensional faces of X. Standing at a face 0 € X (i) one
samples uniformly at random a face 7 € X (i + 1) such that o C 7. Then, one samples
a face o/ € X(i),0’ C 7 uniformly at random and walks from o to ¢’. The probability,
given 0,0’ € X (i), to walk from o to ¢’ in one step is then given by (1,,A;*”1,/), where
1, : ?(z) — R € CY(X,R) has value 1 on o, -1 on —¢ and 0 everywhere else. Similarly,
A?ow" describes the transition probability for the down-walk, i.e. where the face 7 is
sampled among the (i — 1)-dimensional faces.

Definition 2.3.2 ([Lubl8, Definition 2.2]). The i-dimensional spectral gap of X is
A(X) = min{\ | X is an eigenvalue of AP Bix Ry -

Remark 2.3.3. (i) Note that B*(X,R)* = kerd’ ;. Thus we can rewrite \/(X) as

follows.
N(X) = inf {I<Aff>l}_ iy {ndifu} :
e U (A ) S \sexera, Ul '

(ii) Note that A" vanishes on ker(4;) & H*(X,R) and thus AY(X) > 0 if and only if
Hi(X,R) = 0.

(iii) For a k-regular graph, B%(X,R)* = {f : X(0) — R | {f,1) = 0} where 1 here
denotes the constant 1 function. Thus, A°(X) recovers the usual spectral gap in
this case.

Definition 2.3.4. A pure n-dimensional simplicial complex X is called an e-spectral
expander if for every 0 <i < n — 1 we have \{(X) > e.

The usual way of showing spectral expansion is by using a variant of Garland’s method.
It is described using the term of local spectral expansion.

For each 7 € X of dimension £k < n — 2, we denote the 1l-skeleton of lkx(7) by
Xﬁl). This graph comes naturally equipped with a weight function capturing the higher
dimensional structure of X. It is given, for any edge {v,u} € Xﬁl), by

wr({u,v}) =n—k—=2)|{o €lkx(r)(n —1—k) | {u,v} C o}

Definition 2.3.5. Let X be a finite, pure n-dimensional simplicial complex, 0 < ¢ < 1.
We call X an e-local spectral expander if for each 7 € X of dimension at most n — 2, the
second largest eigenvalue of the weighted random walk on the 1-skeleton of the link of 7
is bounded by ¢, i.e. )\g(Xﬁl)) <e.
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Theorem 2.3.6 (Trickling Down Theorem [Oppl8]). Let X be a pure n-dimensional,
finite simplicial complex and 0 < v < % such that

(a) lkx(7) is connected for all 7 € X (i) for i < n — 2;
(b) Ma(XW) < forall 7 € X(d — 2).

Then X is a ( ),y>—local spectral expander.

_r
1—-(n—1

One can then apply Garland’s method to deduce spectral expansion from local spectral
expansion. More explicitly:

Theorem 2.3.7 (Garland, see [GW16a, Theorem 9]). Let X be a finite, pure n-
dimensional simplicial complex such that for each 7 € X (n — 2) we have that /\Q(XS)) <
1 — ¢, then

NHX) > 14+ ne —n.

Applying this theorem to the (j + 1)-skeleton of X then gives the desired bound on
M (X). In particular, local spectral expansion implies spectral expansion.

We also want to mention, that Garland’s methods finds various applications in different
areas as well, for example for proving property (T) (see e.g. [KK11]) or considering group
stability (e.g. [De +20]).

Geometric and topological expansion We again follow [Lub18]. Let X be an
n-dimensional pure simplicial complex. We call a map f : X — R” affine if every edge
of X is mapped to the line segment between the images of its vertices, and similarly, a
simplex o is mapped to the convex hull of the images of its vertices. We say that f is
continuous, when it is continuous considered as a map from the geometric realization of
X to R™. For example, each edge is mapped to a continuous curve between the images of
its vertices.

Definition 2.3.8. A pure n-dimensional simplicial complex X is an e-geometric (resp.
topological) expander if for every affine (resp. continuous) map f : X — R™ there exists

z € R" such that
o€ X(n) [z € flo)} |
[ X (n)] -

Remark 2.3.9. (i) Gromov proved in [Grol0] that the complete simplex is a topolog-
ical expander. He furthermore proved that spherical buildings over finite fields are
topological expanders. But neither give rise to infinite families of bounded degree
topological expanders.

(ii) The first infinite families of geometric expanders of bounded degree where con-
structed using the Ramanujan complexes and then extended to hold for further
quotients of Bruhat-Tits buildings [Fox+12; Evr17].

(iii) Every expander graph gives rise to a 1-dimensional topological expander. But a
graph does not need to be connected to be a topological expander, see the discussion
in [Lubl8].
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Coboundary and cosystolic expansion The motivation for the definition of
coboundary and cosystolic expansion was to find a method of proving topological expan-
sion. But since then, it has shown to be interesting in its own right.

We again fix a finite, pure n-dimensional simplicial complex X and we consider its
cohomology, this time with respect to an arbitrary abelian group A as coefficients. We
define the following weight function w : X — [0, 1], called Garland weights, by setting, for
o€ X(i):

{r e X(n)|oC 7}

(51X ()]

w(o) =

For a cochain f € C*(X,A) we define its support to be the set supp(f) = {0 € X (i) |
f(o) # ea} where ey is the unit of A. Note that this is well defined, since the orientation
of o does not play a role when deciding if f(o) = es.

The support together with the weight function induces a norm on the space of cochains
of X by, for f € C*(X,A), setting

Ifl=" Y wlo).

oesupp(f)

Sometimes, we will also need to talk about the weight of an oriented simplex which
we define, for [vg,...,vg] € ?,k > 1, as w([vo, . .., vg]) = 3w({vo, ..., vk}).

Remark 2.3.10. (i) One could work with a variety of different weight functions, see
[Wil22] for a more general treatment. But this is the most prominent choice, which
in particular works nicely, since it imposes a probability distribution on each of the
X (7).

(ii) In case A = R, the norm we consider here is different from the one for spectral
expansion above, since here we only consider if the value of f on a simplex is non-
zero or not, while previously we also took the value of f into account.

Definition 2.3.11. Let X be a finite, pure n-dimensional simplicial complex, 0 < k <
n — 1. The k-coboundary and cosystolic expansion constant of X (with coefficients in A)
are defined to be

hfb(X, A) = min - ldxo] ,
$ECH(X,A)\B*(X,A) Milye gk (x 4) (|6 — b])
- dro|l
hffs(X, A) = min

SECH(X,AN\ZF(X,A) Min,e 7k x 4) (¢ — 2]])
respectively.

Remark 2.3.12. We note that by definition h% (X, A) > k¥ (X, A) and that by definition
RE(X,A) > 0. We also note that h% (X, A) = h% (X, A) if and only if H*(X,A) = 0 and
that if H¥(X,A) # 0, then bk (X, A) = 0.
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Remark 2.3.13. The coboundary expansion constant h% (X, F2) with coefficients in Fy is
precisely the Cheeger constant of the underlying weighted graph. We can identify subsets
of vertices A C X (0) with f € C°(X,Fy) via the support of f. The space of 0-coboundaries
contains the constant zero and one functions, i.e. BY(X,Fs) = {[v = 0],[v — 1]}.
Furthermore, supp(dof) = E(supp(f), X (0) \supp(f)). Hence we can express the Cheeger
constant as

. Jdof |

© FECO(XF2)\BO(X F2) minye po(x my) lf +

h(X)

Definition 2.3.14. Let X be a finite, pure n-dimensional simplicial complex, let £ > 0
be a constant and A an abelian group. We say that X is an (e, A)-coboundary expander
if for every 0 < k <n —1, h’gb(X, A)>e.
Also, for constants € > 0, 4 > 0, we will say that X is an (g, u, A)-cosystolic expander
if for every 0 < k <n —1, hE(X,A) > ¢ and for every ¢ € Z¥(X,A)\ B¥(X,A), ||¢]|> p.
We say that X is an (¢, A) m-coboundary expander for some m < n—1 if h’(fb(X, A)>e¢
for all 0 < k < m. We similarly define m-cosystolic expansion.

Remark 2.3.15. Let X be an n-dimensional finite, pure simplicial complex. Intuitively,
whether X is an i-coboundary/cosystolic expander, for some ¢ < k should only depend
on the k-skeleton, since this holds for the corresponding (co)homology groups. But the
expansion depends on the norm that we choose on the cochains, and in particular the
weights that we assign to the simplices. In this work, we restricted to the Garland weights.
They satisfy that all maximal simplices have uniform weight Wlnﬂ and that the sum
2oex( (o) =1forall 0 <i<n. But the weight of o depends on its degree and hence
the structure of X up to the maximal dimension.

If we now consider the k-skeleton of X and want to investigate its coboundary expan-
sion, we also have to consider the Garland weights in X< i.e.

_ HreX(k)|oc T}

X (k)| (1))

wk(o)

We denote degy, (o) = [{T € X(k) | o C 7}|. We now compare w(c) and wi (o). Note that

they are equal for all o if and only if w(7) = \Xi%kﬂ for all T € X (k).

Claim 1: degy(0)d > deg(o) where d = max,¢ x (i) deg(7).
Proof: First, note that for o € X (i),i <k

{(nexXn)loCnt= |J {meXm)|r<nh
TeX(k):oCr

Thus counting the sizes of the sets we get

{neX(m)|oCn< > deg(r) < degy(o)d.
TeX(k):oCr

Claim 2: degy,(0) < deg(o) (7 1).

26
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Proof: Given n € X (n),o € X(i) with 0 C n we have that

trex@locreni=(} "))

since to get such a 7 we have to choose k + 1 vertices of the n + 1 vertices of 1, but we
have to choose the i 4+ 1 vertices from o, thus leaving us the choice of (k+ 1) — (i + 1)
vertices out of (n+ 1) — (i + 1). On the other hand, we have

frexmlocr= |J {reX@®locrcny.
neX(n):cCn

Similarly, we get

{7 e X(k) |0 C 7}

< Y lHrex®k|ocTcny
neX(myoCn

— deg(0) (Z B 2)

From these two claims we conclude, for 0 € X (i + 1), 7 € X (i),
1 n—z'—l w(a)<wk(0)<w(0)d n—iy
d\k—i—1)w(r) = wr(r) ~ w(r) \k—1i

Note w(7), wg(7) # 0 because the complex is pure. Since ||f||=>_

degy, (o)

w(o) we have

oesupp(f)
P (T < xesk oy < i (x,mya(
cb ’ d k,_z_l —_ cb ’ —_ cb ’ k—Z :

Thus in particular, if (X) is a family of bounded degree coboundary expanders in dimen-
sion i, then so is (XSF) for i < k. The same also holds for cosystolic expansion.

The following local-to-global result plays a key role in showing cosystolic expansion
for a complex. A first version for A = Fy was proven in [EK24] and then generalized to
arbitrary abelian coefficient groups in [KM18; DD24a].

Theorem 2.3.16. Let n > 3 be an integer, ¢’ > 0 a constant and A be an abelian group.
There are constants 0 < A < 1,e > 0, 4 > 0 such that the following holds: For every finite,
pure n-dimensional simplicial complex X if

e the simplicial complex X is a A-local spectral expander,
and
e for every 0 < k < n — 2 and every 7 € X(k), it holds that lkx(7) is an (¢/,A)-

coboundary expander,
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then the (n — 1)-skeleton of X is an (g, u, A)-cosystolic expander.

Remark 2.3.17. Gromov showed in |Grol0] that the complete complex is a coboundary
expander with Fy coefficients. He then showed that every (g, F3)-coboundary expander is
an ¢’-topological expander (with ¢ depending on ¢ and the dimension of the complex).
But up to this point, no family of bounded degree coboundary expanders in dimension at
least 3 is known. But the question of finding bounded degree topological expanders was
solved, using the result of [DKW18|, which shows that every cosystolic expander over Fo
is a topological expander, too.

Coboundary and cosystolic expansion with non-abelian coefficients In
addition to the previous definitions, we can also consider coboundary and cosystolic ex-
pansion in degree 0 and 1 for non-abelian coefficients. We again fix a finite, pure n-
dimensional simplicial complex X with the Garland weights w as defined above. Fix a
potentially non-abelian group A. Recall that we define the support of cochains similar to
the above definition. More precisely, for ¢ € C%(X, A), we define supp(¢) C X (0) as

supp(¢) = {v € X(0) : ¢(v) # 1}.
Also, for ¢ € CY(X,A), we define
supp(¢) = {{u,v} € X(1) : ¢((u,v)) # 1},

and
supp(d1¢) = {{v1,v2,v3} € X(2) : (d19)((v1,v2,v3)) # 1}.
With this notation, we define the following norms: for ¢ € C*(X,A), k = 0,1, we

define
lell= > w(r).

TEsupp(¢)

Also, for ¢ € CY(X,A), we define

ldigl= > w(m).

Tesupp(di @)

Lastly, for two maps ¢, € C*¥(X,A),k = 0,1, we define dist(¢,v) as follows: For
k =0, we define

dist(6, %) = w ({v € X(0) | (v)((v) " #1).

For k = 1, we define

dist(¢, ) = w ({{w, v} € X(1) | ¢((u, 0)) (¥ ((u, )™ #1}).
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Definition 2.3.18. Using the notations above, we will define coboundary and cosystolic
expansion constants as follows: For k = 0,1, define

: di9||
(X, 8) ¢eck(x%<13k(x,/\) MiNye gk (X A) dist(¢, )’
hlgs(X, A) = min | )

SECH(X,A\ZF(X,A) Miye 7k (x o) dist(¢, 1)
Remark 2.3.19. Observe the following (for £ = 0,1):
e For any X, hE (X, A) > 0.
o If H¥(X, A) is non-trivial, then h% (X, A) = 0.
o If H¥(X, A) is trivial, then h% (X, A) = hE (X, A).

e If A is abelian, then the definitions in this chapter coincide with the corresponding
ones in the previous section.

Definition 2.3.20. For a constant 8 > 0, we say that

e The complex X is a (A, 3) 1-coboundary expander, if h% (X, A) > B and hl, (X, A) >
B.

e The complex X is a (A, ) 1-cosystolic expander, if h%(X,A) > B, hl(X,A) > 3
and for every ¢ € Z1(X,A)\ BY(X, A) it holds that ||¢|> 8.

Remark 2.3.21. A lower bound on hgb is usually easy to verify: If the 1-skeleton of
X is a connected finite graph, then for any non-trivial group A, hgb(X, A) is exactly
the Cheeger constant of the weighted 1-skeleton (where each edge {u,v} is weighted by
w({u,v})). Moreover, the Cheeger constant of the weighted 1-skeleton can be bounded
by the spectral gap of the weighted random walk on the 1-skeleton, which in concrete
examples can be bounded using the Trickling Down Theorem

In [DD24a], the following result was proven, generalizing Theorem [2.3.16| to the non-
abelian setting, and improving parameters over the result of [KM21].

Theorem 2.3.22 (|[DD24a, Theorem 8]). Let 0 < A < 1,3 > 0 be constants and A be a
group. For a finite pure n-dimensional simplicial complex X with n > 3, if

e for every vertex v, hl, (Ikx(v),A) > 3
e and X is a A-local spectral expander,

then Lo
his(Xa A) > <;4)ﬂ - 6)\,

where e &~ 2.71 is the Euler constant.
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2.4 Coset complexes

In this section we investigate a method to construct highly symmetric simplicial complexes
from a group and a set of subgroups. These are called coset complexes. Many examples of
high-dimensional expanders rely on this construction. We also investigate some properties
of the complexes that can be deduced from properties of the group and its subgroups.
Coset complexes are in one-to-one correspondence with simplicial complexes admitting a
type-preserving action that is transitive on the maximal faces.

Definition 2.4.1. Let X be a pure n-dimensional simplicial complex, £ € N>5. We call X
k-partite, if there exists a partition of the vertex set X (0) = U;eV; with |I|= k such that
no two vertices of the same type are adjacent (i.e. connected by an edge). Such a partition
induces a type function type : X — P(I) on X, by setting for v € V; : type(v) = {i} and
for an arbitrary o € X : type(o) = Uyes type(v).

Definition 2.4.2. Let X,Y be simplicial complexes. A homomorphism from X to Y is
a map ¢ : X(0) = Y(0) such that for any set of vertices o C X(0) we have 0 € X =
p(o) € Y. We call ¢ an isomorphism if it is bijective and for any set of vertices o C X(0)
we have 0 € X <= ¢(0) € Y. We denote by Aut(X) the group of automorphisms of X.

An action of a group G on a simplicial complex X can be seen as a homomorphism
¢ from G to Aut(X). The action is called faithful if the homomorphism is injective. We
will use the following notation for g € G,0 € X: g.0 = ¢(g)(0).

Let X be an n-dimensional, n + 1-partite simplicial complex with indexing set I =
{0,...,n} and G a group acting on X type-preservingly (i.e type(c) = type(g.c) for all
g € G,0 € X). Further assume that the action is transitive on X (n) (i.e. for all o,7 €
X (n) there exists g € G such that g.c = 7). Fix one maximal simplex {vg,...v,} € X(n)
and set H; = Stabg(v;) the vertex stabilizers in G. Since the action is type-preserving, we
have Stabg({vi,,..., v, }) = ﬂ;‘-”:lHij. We denote this set by Hy;, ;1. Since the action
is transitive on the maximal faces, the simplex {vp,...,v,} is a fundamental domain of
the action, and the set of simplices of type T' C {0,...,n} can be identified with G/Hr.

This idea can also be reversed in the following sense.

Definition 2.4.3. Let G be a group and H = (Hy, ..., H,) be a family of subgroups of
G. Then the coset complex CC(G;H) is defined to be the simplicial complex with

o vertex set | |I' ( G/H;

e a set of vertices {g1H;,, ..., grH;, } forms a (k — 1)-simplex in CC(G; H) if and only
if ﬂ;?:l g;H;i; # 0 and all i;’s are distinct.

Remark 2.4.4. Given a simplex {g1H;,,...,gxH;, } € CC(G;H) we define its type to be

the set of indices {i1,...,ix}. The coset complex CC(G;H) is a pure n-dimensional,
(n + 1)-partite, simplicial complex. The group G acts by g¢.{¢g1Hi,...,g9:H;,} =
{991Hi,,...,99kH;.}. This action is type-preserving and transitive on the maximal

faces. The vertex stabilizers of the vertices 1H; are precisely the subgroups H;.
Indeed, every n-dimensional, n 4 1-partite simplicial complex with type-preserving
group action which is transitive on the maximal faces can be described as a coset complex.
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Remark 2.4.5. The coset complex is an instance of a nerve of the covering {gH; | 0 <
i<n,g€G}of|]',G/H;, asin [AH93].

There is a strong connection between the group theoretic properties of the subgroups
H; and the connectivity properties of the coset complex.

Lemma 2.4.6 (see e.g. |[HS19, Lemma 3.3]). Let G be a group with subgroups H =
(Ho, ..., Hy,). Then CC(G;H) is connected (i.e. the underlying graph is connected) if and
only if G = (Hy,..., Hp).

Proposition 2.4.7 (|[AH93, Theorem 2.4]). Let G be a group with subgroups H =
(Ho,...,Hy). Then CC(G;H) is 1-connected if and only if G is the free product of the
subgroups H; amalgamated along their intersections, as defined in Definition [3.5.17]

As they will be useful for the analysis of the KMS complexes below, we will mention
two further properties of coset complexes.

Lemma 2.4.8 (see e.g. [HS19, Lemma 3.4]). Let G be a group with subgroups H =
(Hy,...,Hy). Set X = CC(G;H) and let 0 € X be a simplex of type T C {0,...,n}.
Then the link of o in X can again be described as a coset complex:

lkx (o) = CC(Hr; (Hrugy)ie{o,...n)\T)-
Recall that Hy = Njer H;.

Lemma 2.4.9. Let G be a group with subgroups H = (Hy,...,H,). Let v = gH; be a
vertex in X = CC(G;H). Then deg(v) = [H;/(N]_oH;)|.

Proof. The maximal simplices correspond to elements of G/(Nj_oH;). Set I = {0,...,n}
and Hy = Nj_oHj. A maximal simplex hHj contains the vertex v = gH; if and only if
g~ 'h € H;. Hence there are |H;/(N}_gH;)| many distinct such simplices. O

Coset complexes also appear under different disguises in the literature. For example
the basic construction in [BH99] in many situations outputs complexes with geometric re-
alization homeomorphic to a coset complex. The idea also appears in the area of incidence
geometry, under the name of coset geometry, see e.g. [Bue79|.

2.5 Examples prior to our work

In this section, we present the main examples of high-dimensional expanders prior to our
work. We follow the historical development.
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Ramanujan complexes - quotients of buildings We start this section by dis-
cussing the expansion properties of spherical buildings. Spherical buildings are very sym-
metric and well behaved simplicial complexes, in many cases coming from a Chevalley
group, see Section for a definition and more details. If the size of the underlying field
(the thickness of the building) is finite, then the spherical building is a finite simplicial
complex, which is the case we assume here.

First, note that the links inside a spherical building are again spherical buildings of
smaller subtypes. This makes buildings very convenient with regard to the local-to-global
results in Theorems [2.3.6] [2.3.16| and 2.3.22] The spectra of buildings of dimension 1, i.e.
when the buildings are graphs, are known.

The eigenvalues of the Laplacian matrix A = id —M (where M is the random walk
matrix) of the spherical buildings of rank 2 are computed in [Gar73, Proposition 7.10].
Hence we can deduce from |Gar73| Proposition 7.10] the following values for the spectrum
of the random walk matrix depending on the type. Here, ¢ is an arbitrary prime power.

Proposition 2.5.1. Let M be the random walk matrix of the spherical building of type
Ay over F,. Then the spectrum is

spec(M) =<1, ﬁ, —ﬁ, —1p.
g+1 qg+1
Proposition 2.5.2. Let M be the random walk matrix of the spherical building of type
Bs over F,. Then the spectrum is

V27 e
spec(M):{l, +ql,o,— +ql,—1}.
q q

Proposition 2.5.3. Let M be the random walk matrix of the spherical building of type
G over ;. Then the spectrum is

spec(M) = {1

Corollary 2.5.4. For every 0 < \ < 1 there exists ¢’ € N such that for all primes powers
q > ¢ any spherical building over the field F, is a A-local spectral expander.

VB Vi _m_l}.

7q+1’q+177 q+1’ q+17

Proof. The one dimensional links inside a spherical building are either a complete bipartite
graph or one of the three graphs from Propositions to Thus, Theorem [2.3.6
gives the desired result. O

Furthermore, it was shown that spherical buildings are coboundary expanders by Gro-
mov in [Grol0], see also [LMM16]. We give the precise statement from [KM18] which
generalizes the previous results to arbitrary abelian coefficient groups.

Theorem 2.5.5. [KM18| Theorem 4.1] Let A be a spherical building coming from a finite
group G with BN-pair of rank n + 1 (i.e. of dimension n). Let A be an abelian group.
Then for all 0 < k < n — 1 we have

hen(A,A) = (2"w,) ™!
where w,, is the maximal size of a Weyl group of rank n + 1.
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It is important to note that spherical buildings do not form an infinite family of
bounded degree complexes. Thus, they do not themselves solve the question for high-
dimensional expansion. But they are good building blocks for further construction.

This idea was used in the construction of the Ramanujan complexes in [LSV05] and
simultaneously in |Li04]. Roughly, the construction starts with one infinite Bruhat-Tits
building B of type A,, coming from G = PGL,,(F,(())). Each cocompact lattice in ' < @
then gives rise to a finite complex I'\B for which each link is a spherical building. An
infinite family of such lattices then gives rise to an infinite family of bounded degree
complexes. In particular, their (co-dimension 1)-skeletons were the first examples of a
family of cosystolic and hence also topological expanders, see [EK24, Theorem 1.3]. On
the other hand, it was shown in [KKL14] that the Ramanujan complexes do not give rise
to coboundary expanders.

This was overcome in dimension 2 by considering similar quotients of Bruhat-Tits
buildings of type C,. The difference here is that lattices in Lie groups of type C,, satisfy the
congruence subgroup property, which is crucial for showing the vanishing of H!(T'\B, A)
for certain finite groups A. In particular, it was shown in [CL25b, Theorem 1.9] that
certain quotients of C, buildings give rise to a family of 2-dimensional bounded degree
coboundary expanders with Fy coefficients. For dimension > 3 this question remains open.

High-dimensional expansion of coset complexes The first use of the coset com-
plex construction related to high-dimensional expansion was in [KO23|. There, Kaufman
and Oppenheim showed that coset complexes over certain subgroups over the elementary
matrices give rise to local spectral expanders.

Let R be an algebra, n € N>o. For 1 < i # j < n,r € R, we write ¢; j(r) for the
n X n matrix with ones on the diagonal, r at position ¢, and zeros everywhere else.
The group of elementary matrices EL,(R) is then the group of matrices generated by
{eij(r)|1<i#j<n,reR}

Now, fix a prime power ¢ and let F,[t] denote the polynomial ring over F,. For each
s > n set G = EL,11(F,[t]/(t*)) and set G = EL,1(F,[t]). For each 1 <i <n+1 we
define

K; =(ejjt1(a+bt)|je{l,....n+1}\ {i},a,beFy)

where the j+1 is taken modulo n+1, i.e. ep41n42(r) = ent1,1(r). We denote by Ki(s) the

image of K; inside G®) given by considering each entry modulo t*. Note that K; = K Z.(S)
Lastly, we set X(®) =¢cC (G(S); (Kfs))ie{lme}).

Theorem 2.5.6. [KO23, Theorem 1.2] X is a ——L—
Va—(n—1)

particular, given A > 0, we can take ¢ large enough such that {X() | s > n} is a family
of n-dimensional A-local spectral expanders with uniformly bounded degree.

-local spectral expander. In

This result was later generalized in [KO21| to also show coboundary expansion of
certain links and thus cosystolic expansion in dimension 2. There the complexes X (%)
were considered for n = 4. Then for any vertex v € X®)(0) its link is isomorphic to a
complex Xjin q (using Lemma .
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Theorem 2.5.7. [KO21, Theorem 1.21 and 1.22] For every odd prime power ¢, the
complex Xjink q is a (A, F2)-coboundary expander, with A a constant independent of ¢.

Thus it follows from Theorem that for sufficiently large ¢, the 2-skeleton of X ()
denoted Y®) is a cosystolic expander, and the family {Y(S) | s > 4} is a family of bounded
degree cosystolic expanders.

In [KOW24] it was shown that a slight variation of the Kaufman-Oppenheim complexes
give rise to l-coboundary expanders over many coefficient groups. They consider the
subgroups

Ki=(ejj41(9) | j € {L,...,n+1}\ {i}, g € Fyt],deg(g) < 3)

where the j+1 is taken modulo n+1, i.e. ept1n42(7) = ent1,1(r). We again denote by f(i(s)
the image of K; inside G(*) = ELy,, 1 (F,[t]/(t*)) and X = cC(G®); (Ki(s))ie{l,_._7n+1}).

Theorem 2.5.8 (Theorem 6.3). [KOW24] Let n € N>3 and A a finite group. There is a
constant p’ such that for every prime p > p/, the family {X () | s > 3n} of n-dimensional
complexes over [, is a family of bounded degree 1-coboundary expanders over A.

The construction of Kaufman and Oppenheim was generalized by O’Donnell and Pratt
to not just work for elementary matrices, but for Chevalley groups of any type except Ga
in [OP22].

To describe their construction, we will use the terminology of root systems and Cheval-
ley groups, which will be defined in detail later in Chapter [} in particular Section [3.2]

Let A be an irreducible Cartan matrix, not of type Go, with corresponding root system
® and simple roots Il = {ay, ..., an}. We define the following set of roots S = ITU{—(a;1 +
-+ ay)}. Note that if A is of type A, then a; + -+ + «, is the highest root in ®.

Fix a finite field F of odd characteristic p. We define for each « € S the subgroup

H, = (xgla+0bt) | €S\ a,a,belF) < Chevy(F[t]).

For each m € N>9 we fix an irreducible polynomial f,, € F[t] of degree m. Then we can
consider the finite group G,, = Chev4(F[t]/(fm)) as a quotient of Chev(F[t]). We further-
more denote by H' the image of H, in G,. Note that similar to the Kaufman-Oppenheim
construction, H, = H]"'. Setting K, = CC(Gn; (HI)aes) we get the following results.

«

Theorem 2.5.9. |[OP22, Theorem 3.6] For every o € K,,,(n — 2) we have that Ao (K,,) <

JE

In particular, the sequence (K,,)
expanders.

o0

o°_, forms a family of bounded degree local spectral

These results were extended in |OS24], where the authors showed that the above
construction with respect to the Cartan matrix of type Bs yields complexes who’s 2-
dimensional skeletons form a family of cosystolic expanders.

Another, similar, construction of local spectral expanders appeared in [DLZ23|]. There,
the authors considered the subgroups
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1 at ct?
K = 0 1 ot | a,b,ce ]Fq < SLg(Fq[t]),
0 0 1
1 0 0
Koy=<|ct? 1 at| |a,bceF,p <SLs(F,t]),
bt 0 1
1 at O
K3 = 0 1 0 ’ a,b,c e Fq < SLg(Fq[t]).
bt ct? 1

They then fix an infinite family of irreducible polynomials f,, € F,[t] such that each
polynomial is primitive, deg(f,) — oo and 3 t ¢%8U») — 1 for all n. They further
set Gy, = SL3(F,[t]/(fn)) and K the image if K; inside G,. Then the family X, =
CC(Gp; (K7, K%, KY)) is a family of local spectral expanders.

We compare these constructions to the KMS complexes in Section [4.5
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Chapter 3

Preliminaries - Kac—-Moody theory

Lie theory studies groups of symmetries of certain geometric and algebraic objects, their
Lie algebras, the infinitesimal transformations, and the correspondence between them.
Finite dimensional, simple, complex Lie algebras have been classified by Killing and Car-
tan. This yields a small list of finite dimensional Lie algebras indexed by the so called
Cartan matrices. Generalizing the ideas of Lie theory to infinite dimensional Lie algebras
has proven to be challenging but fruitful. Both analytic generalizations, by modelling Lie
groups on infinite-dimensional spaces, and more algebraic constructions have been inves-
tigated. The latter lead to Kac—Moody theory, which we will introduce in this chapter.

We recall some facts on Lie algebras and their root systems, and discuss groups of
Lie type, the discrete version of Lie groups, before introducing Kac—Moody algebras and
their associated minimal Kac-Moody groups. We will then investigate geometric objects,
called buildings, on which groups of Lie type and Kac-Moody groups act. In the following
chapters, we will be particularly interested in the maximal unipotent subgroups of the
Kac-Moody groups, thus we will have a detailed look at them and the corresponding part
in the building, the opposite complex. In the last section, we describe spherical buildings
of type A, C,,, D,, geometrically as flag complexes.

3.1 Lie algebras and root systems

We start by recalling some facts from classical Lie theory. We mostly follow [Marl§].

Definition 3.1.1. A Lie algebra is a vector space g over a field K together with a map
[,-] 1 g x g — g satisfying

(i) [-,] is bilinear,
(i) [z,x] =0 for all x € g,
(i) [[,5), 2] + [l 2 2] + [[# ], 5] = O for all 2., = € g (Jacobi identity).

A subspace I of g is called an ideal of g if [I,g] := ([i,g] | i € I,9 € g)x C I. We call
a Lie algebra simple if it has no ideals other than the full and zero space.
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For each element x € g we define a map adz : g — g by setting ad z(y) = [z,y] for
y € g. A subspace h of g is called a Cartan subalgebra If

(i) it is a subalgebra, i.e. [h,h] C b,

(ii) it is nilpotent, i.e. there exists n € N such that [[[h, b],b],...] =0,
—_—

n times
(iii) if [x,h] € b for all h € b then x € b.

Any complex Lie algebra has a Cartan subalgebra and any two Cartan subalgebras are
isomorphic.

Example 3.1.2. The set of traceless complex matrices g = sl,,11(C) = {A € Mat,,+1(C) |
Tr(A) = 0} together with the Lie bracket [A, B] = AB — BA is a simple complex Lie
algebra. A Cartan subalgebra of g consists of the traceless diagonal matrices. Note that
defining [A, B] = AB — BA is a general tool to define a Lie bracket on an associative
algebra.

Definition 3.1.3. Let g be a finite-dimensional simple Lie algebra over C and let ) denote
a Cartan subalgebra of g. For each « in the dual h* of h we set g, = {xr € g |Vf € b:
[f,x] = a(f)z}. The root system of g is defined as the set

@ = fae b\ {0} ] g # 0}

Fact 3.1.4. Let g be a finite-dimensional simple Lie algebra over C and let h denote a
Cartan subalgebra of g. Then g has a root space decomposition

g:h@@ga-

acd

We collect some classical results from Lie theory. We keep the notation from above.
(i) dimgy =1 for all a € ®.

(ii) For any a € ®, 24 € go \ {0} there exists an z_, € g_, such that the assignment

. 01 . 0 0 [ s 1 0
xa O O ) x_a _1 O I x—ajx& 0 _1

defines an isomorphism g, ® Ca¥ @ g_o, — sly(C) of Lie algebras. We set a¥ =
[*_a,Za] and call it the coroot of a.

(iii) For all a, B € ® we have a(B8Y) € Z.

(iv) The set ® admits a root basis IT = {ay,...,ar} C ® such that for every a € ® there
exist unique nq,...,n, € N and ¢, € {—1,1} such that

1
O = €q E n;og.
=1
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We call the a; € I simple roots. The number of simple roots £ is called the rank of
®. The integer

l
ht(a) = €, Z n;
i=1

is called the height of o with respect to II.
Fixing a root basis gives a partition of ® into positive and negative roots ®* = {« |
€a = £1}.
(v) For each o € ® we consider the reflection
50 :b" %h*:ﬂHB_ﬁ(O‘v)O"

The group generated by all reflections W = (s, | @ € ®) < GL(h*) is called the
Weyl group of g. It is generated by the reflections given by the simple roots s; = s4,
and (W, S = {s1,...,s¢}) is a Coxeter system, which we define in Section

The Lie algebra g is uniquely determined by its Cartan matriz

A= (%’(a;/))f,j:r

Note that in particular all entries are integers, a; () = 2 for all i and «j(ay) < 0 for all
1 # j. We make the connection between a Lie algebra and its Cartan matrix more precise
with the following definition.

Definition 3.1.5. Given a Cartan matrix A = (aij)f,jzla we define the complex Lie
algebra g4 by its presentation: There are 3¢ generators e;, f;, o for all 1 < i < ¢ and

defining relations, for all 1 <i4,j </

Vv

[, )] =0, (3.1)

[ ej] = aijej, [of, fi] = —ai; £, (32)
[firej] = dija (3.3)
(ade;)' "%ie; =0, (ad f;)' i f; = 0 for i # j. (3.4)

For example ad(e;)?(e;j) = [ei, [es, €]

Fact 3.1.6. Let g be a finite-dimensional simple Lie algebra over C with Cartan matrix
A. Then g = g4 as Lie algebras.

2 -1 0
Example 3.1.7. The Cartan matrix of sl4(C) is A= [ -1 2 —1| and looks similar

0o -1 2
for higher dimensional sl,,(C). Recall that the Cartan subalgebra § is the set of traceless
diagonal matrices. Let E;; denote the matrix in sl, with entry 1 in position (7,7) and
0 else. The space of roots with respect to the Cartan subalgebra of diagonal matrices is
given by

b={e;—¢ej|1<i#j<n)
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Qi a1 + g

a1

Figure 3.1: Visualization of the root system of type As.

where ¢; € h* is given by requiring €;(E;; — Exr) = dij — 0ii- The set Il = {g; — 541 | 1 <
i <mn — 1} is a set of simple roots. The root system of sl3(C) can be visualized in R?, see
Figure We can see the isomorphism from g4 to sl,(C) by mapping, for 1 <i <n—1,

e; — Fiit1
fi = —Eiy1
Vv
o = By — By

We can describe further relations that hold in finite-dimensional simple Lie algebras.
To describe them, we pick a specific basis {eq, ho | @ € ®} of g called Chevalley basis.
This basis is chosen in particular such that we have g, = Ce, and h, = V. We then get
the following proposition.

Proposition 3.1.8 ([Car89, Chapter 4.2]). Let g be a simple Lie algebra over C with
Chevalley basis {eq, hq | @ € ®}. Then the following relations hold:

[ha, hg] = 0 for all a, € II;
[ha,eg] = Ca”g(% for all a € I, B € ®;

0 if i)

ea,eg| = 1 atBé for all a, 8 € &, a0 £ —f3;

B
Na’5€a+5 ifa+ped

[ea,e—a] = ho for all a € ®.

Here C, 3 and N, g are integer constants given in the following way: Cu . = 2, and,
for « # —f, let p,q € N be such that for all —p < i < ¢ we have ia + 8 € ® but
—(p+1a+B¢ P, (¢+1)a+ ¢ P. Then Chp = B(a’) =p—qand Nyg=+(p+1)
where the sign depends on the explicit choice of e, eg. It has been shown that p,q < 3
and hence |Cy g|< 3,|Nq g|< 4.

Remark 3.1.9. The finite-dimensional simple Lie algebras over C have been classified via
their root system/Cartan matrix. The list of all possible Cartan matrices can be found in
Figure described via their Dynkin diagrams which will be defined below. A complete
list with detailed and concrete descriptions of the root spaces and the algebras can be
found in |Car89].
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3.2 Chevalley and Steinberg groups

Given a finite-dimensional simple Lie algebra g or equivalently a Cartan matrix, one can
associate a subgroup of the automorphism group of g to it. The idea is to exponentiate
the nilpotent operators ad e,;:

A" (ad eq)"

n!

za(A) ;= exp(Aadey) = Z

n>0

Note that the sum is always finite and hence well defined. The adjoint Chevalley group
of type A over C is then the group G&%! = (z,(\) | A € C,a € ®) < GL(ga).

Motivated by the goal to classify all finite simple groups, this construction was adapted
to work for all finite fields, and even more generally for arbitrary commutative rings. We
will not go into further details here but refer to [Car89] for the classical and [SGA3| for a
scheme theoretic/functorial approach.

The following definition of Chevalley groups by giving a presentation will be sufficient
for this work.

Definition 3.2.1. Corresponding to an irreducible Cartan matrix A with root system &
of rank at least 2, and a field K, there is an associated universal (or simply connected)
Chevalley group, denoted Chev4(K). Abstractly, it is generated by symbols x,(s) for
a € @ and s € K, subject to the relations

Ta(8)Ta(u) = zo(s + u),
[7a(s),25(w)] = [ @iasss (C57s"7)  (for a+8#0),
,7>0
ha(s)ha(u) = ho(su) (for s,u # 0),
where  hq(s) = na(s)na(—1)

and  ny(s) = zo(s)xr_q (75_1) Zo ().
Note that the ij’ﬁ are integers called structure constants that can be found in [Car89).

Remark 3.2.2. (i) Let K be a field and let K[t] denote the polynomial ring in one
variable over K. The simply-connected Chevalley group Chev4(K|t]) is, similar to
the case of a Chevalley group over a field, generated by elements z,(s) for a €
®, s € K[t] that satisfy the relations above, where for the third relation we have to
add the extra assumption that u, s are invertible in K[t]. This can be found e.g. in
[Reh75|.

(ii) More generally, one can define Chevalley groups by introducing the Chevalley—
Demazure group scheme, which is a functor from the category of commutative unital
rings to the category of groups. Over fields and their polynomial ring in one variable
these definitions yield the same groups.
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2 -1 0

Example 3.2.3. Corresponding to the Cartan matrix A= [ —1 2 —1 ] is the functor
0 -1 2

SLy4. This holds more generally for the Cartan matrix of sl,,(C) and SL,.

The group Chev4(K) acts via the adjoint representation on the Lie algebra g4, now
seen as a Lie algebra over K. For this, we start with the complex Lie algebra g4, construct
a Z-form for it (g4)z and then take the tensor product as abelian groups with K to get
(94) K, see [Car89, Chapter 4.4] for more details.

The adjoint representation Ad : Cheva(K) — GL((ga)k) has the following concrete
realization |Car89, Chapter 4.4]:

(Adza(s))(eg) = Z Mo 5.8 es1ja for o, € ®,a# —f,s € K  (3.5)
7>0,8+joacd
(Adza(8))(e—0) = o — Sha + s%€q forae ®,se K .
(Adzn(s))(h) = h— a(h)seq forae d,heh,sc K. (3.7)

Here the M, g ; are constants given by the structure constants (from the commutator
relations in the Chevalley group) C;' ]’-6 in the following way: M, g ; = C’j‘-)f’lﬁ for j > 1 and
Mago =1

Chevalley groups are closely related to Steinberg groups. Steinberg groups are given
by a similar but simpler presentation which sometimes makes it easier to work with them.
We will use Steinberg groups in Section to describe the cohomology of the congruence
KMS complexes.

Definition 3.2.4. Given an irreducible, spherical Cartan matrix A with root system &
of rank at least 2, and a ring R, we define the Steinberg group of type A over R to be the
group given by the following presentation.

Sta(R) = (za(u);a € ®,uc R|R)
where the relations R are

Ta(8)xa(u) = z0(s+u) for a € ®,u,s € R,

[za(s),z5(u)] = H Tia+jB (C;’Bsiuj) fora,f € ®,a+ 5 #0,s5,u € R*.
1,5>0

Remark 3.2.5. Note that all the relations of the Steinberg group also hold in the corre-
sponding Chevalley group, while the Chevalley group has potentially more relations.

Over finite fields the Chevalley group and Steinberg group coincide, see e.g. [Weil3|
Corollary 6.1.1]. Over rings, the kernel of the surjection from the Steinberg to the Cheval-
ley group is the main object in Ks-theory.
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=

2

2

Figure 3.2: An example of a Dynkin diagram.

3.3 Generalized Cartan matrices and Kac—-Moody algebras

In this section we generalize the definition of the Cartan matrix which will lead to infinite
dimensional Lie algebras.

Definition 3.3.1. A generalized Cartan matriz (GCM) of rank n, A = (A;)7;_,, is a
matrix in Mat,,(Z) such that

(i) Aiy =2 forall 1 <i <n,
(i) Aj; <Oforall 1 <izj<n,
(iii) Aij:() <~ Aji:O.

We can visualize a GCM using a labeled graph called a Dynkin diagram. Let I =
{1,...,n} be the vertex set. We add an edge between vertices i,j € I according to the
following rule:

o if A;; =0: ¢,7 are not adjacent,
o if |[A;j|=|Aji|=1: i,j are connected by a single edge,

o if |Ajj|= 2,|A4ji|= 1: 4,j are connected by a double edge equipped with an arrow
pointing towards ¢,

o if |A;j|=|Aji|=2: i,j are connected by a double edge with arrows pointing in both
directions,

o if |A;j|= 3,|Aj|= 1: i,j are connected by a triple edge with an arrow pointing
towards 1,

e in all other cases, we connect i,j by a bold-faced edge equipped with the ordered
pair of integers |A;;|, |Ajil.

Example 3.3.2. In Figure [3.2] we show an example of a Dynkin diagram. The Dynkin
diagrams describing Cartan matrices are less involved and can be seen in Figure [3.3

We call a GCM irreducible if the corresponding Dynkin diagram is a connected graph.

Definition 3.3.3. Given a GCM A we define the (derived) Kac—Moody algebra corre-
sponding to A, g4 as the Lie algebra with presentation as in Definition
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|
i

|
|

Classical types

|
|

Exceptional types
Fy O—C#-—o

Figure 3.3: The Dynkin diagrams of irreducible spherical root systems

Let A = (Ajj)ijer be a GCM and b a C-vector space of dimension |I|+ corank(A).
Let IT = {a; | i € I},1IY = {«) | i € I} be linear independent subsets of h*, b respectively
such that () = Ajj.

We want to obtain a root space decomposition for g4 similar to the classical case. If
det A = 0 then our choice of h will be too large. Thus we set i’ = >"._; Co)’ and then get

ga=boPa.

ac®

where g, ={x €ga |Vfeb:[f,z] =a(f)x} and © = {a € h*\ {0} | go # {0}}. We call
© the root system associated to A. The set II forms again a root basis which partitions
the roots into positive and negative ones ©F = {+ ", Na;} N ©.

We define the reflections s, for a € © as before and define the Weyl group

W = (sq | @ € ©) < GL(H").

We recall a few differences between the case of starting from a GCM and a classical
Cartan matrix.

(i) When considering a GCM, the associated root system and Weyl group can be infi-
nite. In fact a GCM A is a classical Cartan matrix if and only if the associated root
system (and hence also Weyl group) is finite.

(ii) In case the root system is infinite, g4 will be infinite dimensional, but each root
space g, is finite-dimensional although not necessarily 1-dimensional.

(iii) The root system splits into a real and an imaginary part. The real roots are those
in the orbit of the simple roots under the action of the Weyl group, i.e. ©™ = W.II
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and all other roots are called imaginary, ©™ = © \ ©™. If A is a Cartan matrix,
then all roots are real. Later, we will mostly care about the real roots and write ®
for ©°.

(iv) For a € ©™ we have dim(g,) = 1. In particular g,, = Ce; and hence for each
a = w.a; € O we get an element e, such that g, = Ce,.

(v) If « € O™,z € g, then adz € End(ga) is locally nilpotent, i.e. for every y € ga
there exists an n such that (ad x)"y = 0.

Proposition 3.3.4 ([Marl8, Prop. 5.3, Def. 5.4, Cor. 5.5]). Let A € Mat,(Z) be an
irreducible GCM. Given a vector v € R™, we write v > 0 if all entries of v are > 0 and
similarly for > 0. Then exactly one of the following holds:

(i) There exists v > 0 such that Au > 0. In this case det A # 0, and we call A of finite
type or spherical.

(ii) There exists u > 0 such that Au = 0. In this case corank A = 1, and we call A of
affine type.

(iii) There exists u > 0 such that Au < 0. In this case we call A of indefinite type.

Remark 3.3.5. (i) The GCMs of finite type are precisely the classical Cartan matrices,
classified via their Dynkin diagrams in Figure [3.3]

(ii) The affine GCMs have also been classified. The affine GCMs of untwisted type are
those depicted in Figure There are further affine cases that arise from a twist
by a diagram automorphism. They can be seen e.g. in [Marl8, Table 5.1].

Definition 3.3.6. Let A be a generalized Cartan matrix with index set I = {1,...,n},
and let J C I.

(i) The subset J is called spherical if Ay = (Ajij)ijes is spherical. Given ¢ > 2, A is
£-spherical if every subset J C I of size £ is spherical.

(ii) We denote by Q4 the set of spherical subsets of I associated to the generalized
Cartan matrix A.

(iii) A generalized Cartan matrix A is purely ¢-spherical if every spherical subset J C T
is contained in a spherical subset of size ¢. (In particular, no set of size ¢ + 1 is
spherical for a purely ¢-spherical generalized Cartan matrix.)

(iv) Analogously, we call a GCM (-classical if each irreducible factor of A; = (Ajj)ijes
is of classical type Ay, By, Ck, Dy (see Figure for each J C I with |J| < 4.
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Figure 3.4: The Dynkin diagrams of irreducible untwisted affine GCMs.

Remark 3.3.7. All rank n+1, n-spherical diagrams have been classified and are precisely
the affine diagrams and the so called compact hyperbolic diagrams. The latter have rank
at most 5, where the diagram of rank 5 is exactly the one that we have to exclude to get
n-classicality. See e.g. [Hum90, Chapter 6.9] for the classification result.

The non-spherical, rank n + 1, n-classical diagrams, with n > 3 are precisely the
non-spherical rank n + 1 diagrams which are n-spherical but not one of the following

e affine diagrams E, E’7,ES, Fy, G,

e twisted affine diagrams EéZ), Df’) (in the notation of [Marl8| Table 5.1])

e compact hyperbolic diagram -@-

The affine case In this section we have a closer look at the untwisted affine case. We
describe the root system of type X, (X = A, B, C etc.) with respect to the spherical root
system of type X,,. This will later allow us to describe the untwisted affine Kac—Moody
groups using the corresponding Chevalley groups.

Let A = (Ai,j)i,jgfj = {1,...n} be an irreducible (spherical) Cartan matrix with

spherical root system ® and set of simple roots II = {aq,...,a,}. This root system has

o

46



3.4. Minimal Kac-Moody groups

a unique highest root v € <i>, which means that v is such that for any «; € IT we have
Y =+ o ¢ &)

We set g = —y and I = {0,...,n}. The idea now is to consider the set II =
{@p, ..., an} as the set of simple roots of a root system O such that for all 4, j € I the roots
@;, aj generate the same rank two subsystem as o, o in &. The resulting root systems ©
with simple roots IT = {@y, ..., a4} and generalized Cartan matrix A are described by the
Dynkin diagrams in Figure and are precisely the ones of affine (untwisted) type, see
[Mar18, Theorem 5.21] for a proof. Note that A is of rank n + 1, n-spherical and purely
n-spherical.

For o = Y1 | My € P we set @ = o A for the corresponding root in ©. We
can describe all roots in ©. Let (dy,...,d,) € Z""! be such that it spans the kernel of A
and with ged(dy, ...,d,) = 1. This exists since A has integral entries and corank 1. Let
§ =" gdiaj. Wehave § = > d;a;; = i +7, see [Marl8, Remark 5.11]. Furthermore,

@:{E—chﬂaEé,mEZ}U{mﬂmEZ,m#O}

where the first set in the union is the set of all real roots, and the second describes all
imaginary roots. We will use the notation @, m = @+ md to describe the real roots. Note
that a9 = a—,,1 and that a root aq,, is positive if and only if m > 1 orm =0 and o € Pt
(see e.g. [Marl8| proof of Theorem 7.90]).

3.4 Minimal Kac—-Moody groups

We want to generalize the construction of Chevalley groups from finite-dimensional Lie
algebras to Kac—Moody algebras. A first idea would be to start with a GCM A and the
associated complex Lie algebra g4 and again try to exponentiate adz for x € g4. The
problem is, that for x € g, \ {0} for some a € © the endomorphism ad z is only locally
nilpotent and hence the exponential well defined if « is a real root. In particular, in this
case the g, are 1-dimensional and we can find a basis vectors e, of go. Restricting to only
real roots leads to the following definition.

Definition 3.4.1. Let A be a GCM. Then the minimal adjoint Kac—Moody group over
C of type A is
G = (exp(Madey) | A € C,a € ©™) < GL(ga).

Similar to the finite-dimensional case, we again want to broaden the definition to every
field and even more general to obtain a functor from the category of commutative unital
rings to the category of groups. This will be the constructive Tits functor. We will not
elaborate more on how this definition was derived, but simply state it and refer to [Mar1§]
for more information and proofs. Before defining the functor, we need one preliminary
definition.

Definition 3.4.2. (i) A pair of real roots a, 8 € O™ is called prenilpotent if there exist
u,v in the Weyl group W such that u.a,v.3 € ©F and v.o,,v.3 € O,
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(ii) For a pair of roots «, 5 we set

]aaB[N: {ZO&—{—]ﬂ | i,J € I\I>0} N 67 [aaﬁ]N :]Q,B[NU{CX,B}-

Remark 3.4.3. If the roots «, 3 are prenilpotent, then |o, 5[y is finite and only contains
real roots.

Definition 3.4.4 ([Marl8, Definition 7.47]). Let A be a GCM, and K a commutative
unital ring. Then the constructive Tits functor G4(K) of type A evaluated at K is given
by the following group presentation

GA(K) = (za(\), 7% ;0 €@ Ne K ic,re K*|R).

We denote §;(r) := 2, (1)T_a,(r 1) za,(r) for i € I,7 € K* and §; = §;(1).
The set of relations R consists of the following.

(i) For all @« € ©™ A\, € K: 24(N)za(p) = zo(A + p). In particular, the subgroup
Ua = (z4(X); A € K) is isomorphic to (K,4). These subgroups are called root
subgroups.

(i) For all i € I,r,s € K*: 1 s = (rs)® and for all 4,j € I,r,s € K*: roy §%5 =
s%red. In particular, the subgroup Tx = (r%v;r e K*,i € I) is isomorphic to
(KM, .). This subgroup is called the torus of G A(K).

(iii) For all o, 8 € O™ prenilpotent, t,u € K:

[a (), 25(u)] = I[[  ecftw)

y=ta+jBEla,Bln

where Cf‘jﬁ are integer structure constants similar to the ones in the Chevalley group
definition. They have been explicitly calculated in [Mor87].

(iv) Forall r € K*,t € K,i,j € I:

4 Vv
k2

T T (DTN = Tg, (riit).

(v) Forallre K*,i,j € I:

vi) Forallre K*,7 ¢ I:
(vi) ,
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3.4. Minimal Kac-Moody groups

(vii) For all v € ©™,t € K,i € I:
iy (8)8; 1 = @, (£1).
The sign + in x4, (3t) depends on the choice of the Chevalley basis vector e,.
We then define the minimal, split Kac-Moody group of type A over the field K as G4(K).

Remark 3.4.5. (i) The notation % as exponent is just a formal notation to hint at
the multiplicative behavior.

(ii) Relation is called the Steinberg relation.
(iii) Relation describes how the torus normalizes the root subgroups.

(iv) Relation describes how the 5; normalize the torus. The expression sia}/ is the
image of o under the reflection associated to a).

(v) Relation implies that the torus is generated by the root subgroups.

(vi) Relation describes how action of the Weyl group elements s; on the roots
corresponds to conjugation by the §;.

Remark 3.4.6. It is sensible to call this a generalization of the definition of Chevalley
groups in the sense that if A is of finite type, then G4(K) = Chev4(K). Furthermore,
\

we have a surjection from G4(C) to G%! by mapping 74 ()\) to exp(ad(Xe,)) and (e*)%
to exp(ad(A\ey)).

For most Kac—Moody groups it is not known if they can be described explicitly e.g.
via matrix groups. For the affine types however this is possible and relates them to the
so called loop groups. We have a closer look at the untwisted affine case.

Let A be a Cartan matrix with root system ® and set of simple roots I = {ag,...,an}
and let A be the corresponding untwisted affine GCM with root system © and simple roots
IT = {ap,...,@,}. Recall that we use the notation aq,, = @+ md to describe the real

roots. Let K be a field. We have G4(K) = Chev ;(K[t,t™']) “up to torus elements”. To
get a precise isomorphism, we need to consider a central extension of Chev ;(K[t,t']) by
K*. See [Marl8, Chapter 7.6] and reference therein for more details.

We describe the isomorphism between the Kac-Moody group and the Chevalley group
restricted to the subgroup U™ (which we define next), in more detail. The subgroup U™
will play a crucial role later in the discussion of the KMS groups.

Definition 3.4.7. Let A be a GCM, K a field. We denote by U} (K) the positive maximal
unipotent subgroup of G4(K) i.e.

UL(K) = (ma(\);a € 0°NOT X € K) < GA(K).

If A, K are clear from the context we also write U™ = U} (K).
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Proposition 3.4.8 ([Mar18, Theorem 7.90]). Let A be a Cartan matrix with correspond-
ing untwisted affine GCM A, K a field. Then the following is a well-defined injective
homomorphism.

¢ : U;(K) — Chev i(K[t])
Tag m(X) = ua (AL™).

For clarity we denoted the generators of the Chevalley group by wuq(\).

3.5 (Twin) buildings

In this section, we introduce Coxeter complexes, the building blocks of buildings, we
define what a building is and show how it can be constructed from a group. We then
describe buildings and more generally partite simplicial complexes from another viewpoint
via chamber systems. We discuss opposition in spherical buildings and introduce twin
buildings in order to be able to talk about opposition also in the non-spherical case. We
then describe how Chevalley and Kac-Moody groups give rise to (twin) buildings.

Coxeter complex To each Dynkin diagram with vertex set I we can associate a group,
called Coxeter group, in the following way:

Wz(si;i€I|s?:1,(sisj)m”zl;i,jEI,i#ﬁ (3.8)
where
1 j i j
° ® = m; =2, o—o = m;; =3
1 j i Jj

‘%:.imijzll, #‘:mlj:6

and in all other cases m;; = 0o, which means that there is no relation between s; and s;.
Note that m;; is defined to be symmetric in ¢, j, this implies that the root systems of type
B,, and C,, give rise to the same Coxeter group.

The Coxeter group is isomorphic to the Weyl group generated by the reflections along
the roots of the Lie algebra g4 associated to the same Dynkin diagram, see e.g. [Marl8,
Proposition 4.22].

Remark 3.5.1. In general, a Coxeter group can be defined for arbitrary values m;;
satisfying m;; = 1 and m;; = mj; € Z>9 U {oo} for i # j. These are usually described
by Coxeter diagrams which are roughly speaking unoriented versions of Dynkin diagrams.
But the Coxeter group is finite if and only if the values m;; come from a spherical Dynkin
diagram, expect for one infinite family with two generators and two exceptional types,
which will not give rise to buildings. In this work, we are only interested in those coming
from Dynkin diagrams.

50



3.5. (Twin) buildings

51(s2) I{s1) ={1,s1}
S1
5182 1
8182<81> 1<82> = {1,82}
818281 = 898189 52
5251
s981(s2) 52(s1)

Figure 3.5: Coxeter complex of type As. The labels show the corresponding elements of
the coset complex.

A Cozeter system is a pair (W, S) consisting of a Coxeter group W together with a
set of generators S = {s; | i € I} such that W has a presentation as in Equation
with respect to S. We define W; = (s; | j € J) < W for all J C I. To W, we associate a
Cozxeter compler which can be viewed as the coset complex

CC(W, (Wn iy )ier)-

This complex has a wide range of geometrical interpretation which we will not discuss
here. More details can be found e.g. in [AB08, Chapter 3].

Example 3.5.2. (i) For type As we have
W = (s1, 52 | 312 = 1,518281 = $25182).

The vertices of the Coxeter complex correspond to cosets W/ (s1) LW/ (s2) and edges
correspond to elements of W. The graph is shown in Figure In general, the
Coxeter group of type A, is the symmetric group on n + 1 elements.

(ii) The Coxeter complex of type Ay can be visualized as the tiling of the plane by
equilateral triangles. The Coxeter group has the form

W = (sg, $1, $2 | 5? =1, (5051)3 = (5152)3 = (5052)3 =1)
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L NN/

518281 = S25152

/N\ /N /N\

Figure 3.6: Coxeter complex of type Ay with some labels from the corresponding coset
complex.

and the Coxeter complex has vertex set W/(so, s1) U W/(s1,s2) U W/(s0, s2), edge
set W/ (so)UW/(s1)UW/(s2) and set of triangles corresponding to W. It is depicted

in Figure [3.6

Buildings One way to define a building is as a simplicial complex with a family of
subcomplexes called apartments. Each apartment is isomorphic to the same Coxeter
complex. The type of the Coxeter complex, i.e. the underlying Coxeter diagram - an
unoriented version of the Dynkin diagram, is also what we call the type of the building.
Each two simplices of the building have to be contained in a common apartment and
each two apartments are isomorphic with an isomorphism that acts as the identity on the
intersection. The maximal simplices in a building are called chambers.
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3.5. (Twin) buildings

(a) (b)

Figure 3.7: (a) shows the building of type Az of thickness 3, (b) shows the building of

type As of thickness 3 up to distance 5 from the chamber at the center. This is [BS22,
Figure 2].

Two visualizations of (parts of) buildings can be seen in Figure One can see the
Coxeter complexes from Example [3.5.2] as substructures.

One way to construct buildings is via a group with a BN-pair (and for thick, irreducible
spherical buildings of dimension 2 and larger, all buildings can be constructed that way,
as was proven by Jacques Tits in [Tit74]).

Given a group GG, a BN-pair of G is a pair of subgroups B, N < G satisfying certain
properties, see Definition 6.55]. In particular, G = BN and setting T = BN N we
have that 7" is normal in N and W = N/T" admits a set of generators S = {s; | i € I}, such
that (W, .S) is a Coxeter system. The group W is also called the Weyl group of the BN-
pair. To describe the building, we need to define the parabolic subgroups P; := BW;B
for J C I (here W; = (s; | j € J) < W and while W is not contained in G this double
coset is well defined since T' C B and hence any choice of a representative in N of an
element in W = N/T gives rise to the same double coset). The building can then be
described as the following coset complex:

A(G, B) == CC(G; (Pnjy)jen)-
We recall some well-known facts about the parabolic subgroups.
Lemma 3.5.3. We have that Py = (P | i € J) and Py N P = Pjny, for all J,L C I.

Proof. The first statement is e.g. shown in [ABO8, Propostion 6.36] and the second state-
ment for example in [Sch95, Theorem 4.3.8]. O

Since Py N P, = Pjynp for any J,L C I we can view A(G, B) also as the poset
{9P; | g € G,J C I} ordered by reversed inclusion. In this case, the simplex {gPp (;} |
J € J} € CC(G; (Ppyjy)jes) corresponds to gPp y for J C I,g € G. In particular, the set
of maximal simplices corresponds to G/B.

If the Weyl group is finite, we call the building spherical. This coincides with our
definition of calling a GCM spherical/of finite type.
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Chamber systems In this section, we introduce the notion of chamber system, which
is another approach to describe partite complexes like the coset complexes and buildings.
For the exposition we follow [Sch95].

Definition 3.5.4 ([Sch95, Definition 1.2.1]). A chamber system over some index set I is
a set C together with equivalence relations ~; on C for each ¢ € I. The elements of C are
called chambers.

Similar to coset complexes, we can construct chamber systems using a group and a
family of subgroups.

Proposition 3.5.5. [Sch95, Proposition 1.4.5] Let G be a group, B < G a subgroup and
G;,i € I a family of subgroups of G containing B. Let C(G, B,G;,i € I) be the set G/B
together with the family of relations

B ~; yB <— zG; = yG;.
Then C(G, B, Gj,i € I) is a chamber system over I.

We can view a chamber system (C,~;,i € I) as a labeled graph with vertex set C in
which two chambers C, D are connected by an edge with label i if C' ~; D. This viewpoint
gives rise to the following, motivated by the path metric on the labeled graph.

Definition 3.5.6. Let (C,~;,i € I) be a chamber system. A gallery in C is a chain
Co ~i, C1 ~4y ...~ Cp such that Cy € C,ix € I for all k. We call (iy,...,1i,) the type
of the gallery.

The gallery is called minimal if its length n is minimal among all galleries between the
two endpoints.

Remark 3.5.7 ([Sch95, Chapter 1.3]). Let G be a group, H;,i € I a family of subgroups
over a finite index set I. For J C [ set H; = NjesH;. Assume that (Hpygy | j €
J) = Hpy for all J C I. Then CC(G;(H;)icr) corresponds to the chamber complex
C(G, MierHi, Hp\ (3,7 € I) in a natural way: Given the coset complex X = CC(G; (H;)ier)
we consider as chambers C the maximal simplices of X which are of the form {gH; | i € I}.
Note that two maximal simplices {gH; | i € I},{hH; | i € I} are equal if and only if
h='g € NierH;. Hence the set of maximal simplices corresponds to G/H;. We say that
{9H; | i € I} ~; {hH; | i € I} if gH; = hH; for all i € I\ {j} which is equivalent to
9H\(jy = hH 1\

On the other hand, let C(G, NierH;, Hp\ (33,7 € I) be a chamber complex. For J C [
we denote for two chambers C, D € C that C ~; D if and only if there is a gallery from
C to D of type (i1,...,i,) such that {i1,...,i,} is a subset of J. For C € C the J-residue
of Cis the set R;(C) ={D €C | C ~; D}. In our case, we have

Ry(gHr) ={hH; | h € g(Hpgy |7 € J)t ={hH | h € gHp s}

In particular, Rpy(9Hr) = {hH; | h € gH;}. We define the set of vertices X (0) :=
{(Rngy(9Hr),j) | 7 € 1,9 € G} which by the above argument is isomorphic to Uje G/ Hj.
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S92 1
~9
~1 ~1
5182 S1
~9 ~9
~1
525182 = 515251 5251

Figure 3.8: Coxeter complex of type As. The labels show the corresponding chambers
and equivalence relations.

Furthermore, we say that two vertices (Rp (;3(9H71),7), (Rp iy (hHy),4) are adjacent if
i # j and Rp ;1 (gHr) N Ry iy (hHy) # 0, where the latter is equivalent to gH; NhH; # 0.
From here, we build a simplicial complex by defining that a set of vertices forms a simplex
if and only if all vertices are pairwise adjacent.

Viewing the Coxeter complex of a Coxeter system (W, S) as chamber system, we get
C(W,{1},(s),s € S). A chamber system is called a building, if there exists a family of
sub-chamber systems called apartments such that each apartment is isomorphic to the
same Coxeter complex, each two chambers are contained in a common apartment and
each two apartments are isomorphic with an isomorphism that acts as the identity on the
intersection.

Note that this definition is compatible with Remark and the two definitions of
buildings coincide.

Example 3.5.8. The Coxeter complex of type As has a set of chambers the full group
W and two equivalence relations, as shown in Figure [3.8

Proposition 3.5.9 ([ABOS8, Proposition 4.81]). Let (C,~;,i € I) be a building of type
(W, S) viewed as chamber system. There is a function ¢ : C x C — W with the following
properties:

(i) Given a minimal gallery I" : Cy,...,Cy of type s(I') := (s1,...,8q), then § (Cy, Cy)
is the element w = s1-- - s4.

(ii) Let C and D be chambers, and let w = §(C, D). The function I' — s(I") gives a 1-1
correspondence between minimal galleries from C to D and reduced decompositions
of w.

Definition 3.5.10. Let (C,~;,i € I) be a building of type (W, S) viewed as chamber
system. The function § : C x C — W of Proposition is called the Weyl distance
function associated to C.
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Remark 3.5.11. Another way to define buildings is via the so called W-metric approach.
Given a Coxeter system (W, S), a building of type (W, S) is a set C together with a function
d : C x C — W satisfying certain axioms, see |[ABO8, Definition 5.1]. These definitions
are equivalent, in particular the Weyl distance function from Definition [3.5.10| satisfies the
axioms.

Let G be a group with BN-pair (B, N). We described the corresponding building as
CC(G; (Ppiy)ier)- By Lemma and Remarkthis can also be seen as the chamber
system C(G, B, Py;;,i € I). We can describe the Weyl distance via the group structure:
Recall that the Weyl group of the BN-pair is W = N/(B N N). Thus, with slight abuse
of notation, it is well defined to consider cosets and double cosets wB, BwB for w € W.
Furthermore, the map C : W — B\G/B : w — BwB is a bijection. This is a consequence
of the Bruhat decomposition of G, see [AB08, Chapter 6.2]. We can describe the Weyl
distance on chambers of the building A(G, B) associated to the BN-pair as follows, for
g,heGweW:

5(9B,hB) =w <= ¢ 'h € BwB.

Similar to how a spherical (i.e. finite) root system has a highest root, a spherical
Coxeter system (W, S) has a unique longest word wg, where “longest” refers to the word
metric with respect to S. We have wi = 1, see e.g. |[AB08, Proposition 1.77].

Definition 3.5.12. Let (C,~;,i € I) be a building of type (W, S) viewed as chamber
system, where (W, S) is spherical. Let wy denote the longest element of W. Then two
chambers C, D € C are called opposite, denoted C op D if 6(C, D) = wy.

The notion of opposition extends to all simplices when considering a spherical building
as simplicial complex: Let A be a spherical building and o, 7 € A. We call o, T opposite if
there exist chambers (i.e. maximal simplices of A) such that Cop D, 0 C C and 7 C D.

Remark 3.5.13. A spherical Coxeter complex can be visualized as triangulated sphere
(and its higher dimensional analogues). In this picture, two chambers are opposite if they
are on opposite sides of the sphere. In a general spherical building, given two chambers
C, D it suffices to fix one apartment which contains both of them and then consider
whether they are opposite in this Coxeter complex. For example in Figure [3.5| opposite to
the chamber labeled 1 are the edge s1s2s1 and the vertices s1s2(s1) and s251(s2).

The notion of opposition will prove very useful to construct interesting subcomplexes
of the spherical buildings. We will consider this in more detail in Section [3.6

We would also like to be able to define a similar notion for arbitrary buildings. This
will not quite be possible, but the idea leads to the definition of twin buildings. Before
we consider them, we record a few more facts on chamber systems generated by a group
and how their properties can give more insight into the properties of the group.

Definition 3.5.14. Let (C,~;,i € I) be a chamber system.
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(i) Two galleries C = Cy ~y, ... ~4, Cp, and D = Dy ~j, ... ~j, Dy are called
elementary m-homotopic if there exists a gallery £ = Ey ~p, ... ~p, By, in-
dices 0 < k1 < k2 < n and a set J C I with |J| < m such that {hy,...,hs} C

I, {415 Uy +2, - - - ko } € J and such that the gallery D is equal to the following:

C() g i, Ck1 Ck2 g1 - i Ch.
I |

Ey ~hy - thEg

Intuitively, this means that the two gallery only differ by the middle piece denoted
by F and we only change m-many types of equivalence relations. In particular, any
two galleries are elementary |I|-homotopic.

(ii) We call two galleries m-homotopic if they can be connected by a finite sequence of
elementary m-homotopies.

(iii) A chamber system is called m-simply connected if it is connected (i.e. any two
chambers can be connected by a gallery) and every closed gallery (i.e. where start
and end chamber coincide) is m-homotopic to a gallery of length 0.

Definition 3.5.15 ([Tit86]). Let (G;)icr be a family of groups and let ¢;; : G; — G for
(i,j) € J C I x I be a family of homomorphisms.

The direct limit of the system ((Gi)ier, (¢ij)(ij)es) is a group G together with homo-
morphisms f; : G; — G such that f; = fj o ¢;; for all (4,j) € J and which satisfies the
following universal property:

Given a group H and homomorphisms g; : G; — H such that g; = g; o ¢;; for all
(i,7) € J then there exists a unique homomorphism « : G — H such that g; = « o f; for
all 7 € I.

The group G can be constructed explicitly by taking the free product of the groups
G, € I and making the identifications ¢;;(h) = h for all h € G;,V(i,j) € J.

Remark 3.5.16. Let (I, <) be a partially ordered set and let J = {(4,j) € I x I | i < j}.
Let (Gj)ier be a family of groups with injective homomorphisms ¢;; : G; — G; for all
i < j € I such that ¢;; = ¢pj o ¢ whenever i < k < j. Then ((Gi)ier, (¢i5) i )es) is
called a simple complex of groups, see [BH99, Definition 12.11]. In this case, the direct
limit is called the fundamental group of the complex of groups.

Definition 3.5.17. Let G;,i € I be a family of subgroups of a group G. We call G the
free product of the G; amalgamated along their intersections if G is the direct limit of the
system ({G;,G;NG;|i,j €1}, {dij: GiNG; — G;|i,j € I}) where ¢;; are the natural
inclusions.

The following result relates the notion of simple-connectedness of certain chamber
systems and direct limits. It was first stated by J. Tits in [Tit86], we present it in the
formulation of [Sch95, Proposition 6.5.2].
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Proposition 3.5.18 (|Sch95, Proposition 6.5.2]). Let G be a group, B and P;,i € I,
subgroups of G such that B C P; for all ¢ € I. Assume that G is generated by the F;.
Set Py := (P;:j € J) for all nonempty subsets J C I, and Fj := B. The following are
equivalent, for a natural number m < |I|:

(i) the chamber system C (G, B, P;,i € I) is m-simply-connected;
(ii) G is the direct limit of the Py, |J|< m with respect to the natural inclusions.

Remark 3.5.19. In the case when m = 2 and |I| = 3 the result in Proposition [2.4.7]
together with Proposition show that the chamber system C(G, NjerH;, H;,i € I) is
2-simply connected if and only if CC(G;((H; | i € I\ {j}))ier) is 1-connected, i.e. the
zeroth and first homotopy group of the geometric realization of the coset complex are
trivial. The requirement |I| = 3 is necessary here to ensure that {{i},{7,j} | i,/ € [} =
(NG T {ivg} | € T,

For m # 2, the notions are, to the best of our knowledge, not related. Note that if a
chamber system is m-simply connected then it is also m + 1-simply connected. On the
other hand, if a simplicial complex is n-connected then it is also n — 1-connected.

Twin buildings The study of twin buildings was motived by Jacques Tits study of
Kac—-Moody groups and they were first introduced by Ronan and Tits in the 1980s. We
follow |[ABOS] to give a definition using the chamber system viewpoint of buildings. The
central idea is that a twin building consists of a pair (C*,C™) of two buildings of the same
type together with an opposition relation between the chambers of C* and those of C~,
with properties similar to those of the opposition relation on the chambers of a spherical
building.

Definition 3.5.20. A twin building of type (W, S) is a triple (C*,C~,d*) consisting of
two buildings (C*,d%) and (C~,7) of type (W, S) together with a codistance function
S (CTxCT)U(C xCh) =W

satisfying the following conditions for each ¢ € {+,—}, any C € C¢, and any D € C™¢,
with w := §*(C, D):

(i) 6*(C,D) = 6*(D,C)~ %

(il) If C" € C© satisfies 0¢(C',C) = s with s € S and length(sw) < length(w), then

0 (C', D) = sw.

(iii) For any s € S, there exists a chamber C’ € C¢ with 6 (C’,C) = s and §* (C’, D) =
sw.

Definition 3.5.21. Given a twin building (C*,C~) and chambers C € C*,D € C~ we
say that C is opposite D if 6*(C, D) = 1.

We extend this definition again to lower dimensional simplices in the simplicial complex
viewpoint of buildings and say that two simplices are opposite if they are contained in
opposite chambers.
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Remark 3.5.22. Some authors define that two lower dimensional simplices are opposite
only if they are of the same type and contained in opposite chambers. We will not require
this here, since we want the collection of simplices opposite one fixed chamber to form a
simplicial complex.

Remark 3.5.23. Intuitively, two chambers are further away in the twin building if their
codistance is smaller with respect to the word length in (W, S).

Example 3.5.24. Every spherical building gives rise to a twin building. Let C be a
spherical building with Weyl distance §. Let C* be two copies of C and for a chamber
C €, let C1 € C* denote the corresponding copies. Then we define

§T(Cy,Dy) =6(C, D), 5 (C-,D_) = wod(C, D)wy

where wy is the longest word of the Coxeter group. Note that (C~,7) is called the dual
of (C,6). They are both buildings of type (W,S). The map ¢ : C - C~ : C'+— C_ is a 0¢-
isometry, meaning that 6~ (¢(C, D)) = 09(6(C, D)) with o9 : W — W : w — wowwy. The
corresponding simplicial complexes are isomorphic but not type-preservingly isomorphic,
see |[ABOS, Section 5.7.7] for more details.

We get a twin building (C*,C~, §*) by setting

§*(C4,D_) = 6(C, Dywy,  6*(D_,Cy) = wod(D,C).

Note that the opposition relation coincides with the one defined in Definition [3.5.12
§*(Cy,D_) =1 <= §(C,D) =wy' =wy < 6*(D_,Cy) = 1.

RGD-systems We finally explain the relationship between Chevalley groups and
spherical buildings and Kac—-Moody groups and twin buildings.

This connection occurs since both Chevalley and Kac-Moody groups give rise to a
linear RGD system (RGD stands for “root group datum”). We give the definition following
[Mar18| Definition B.35] and restrict to the case of linear RGD systems, since they allow
for a nice description of the parabolic subgroups, see Lemma Since we later are
only interested in RGD systems coming from Chevalley and Kac-Moody groups, this is
sufficient. Note that the “linear” only affects (RGD1).

Definition 3.5.25. Let (W, S) be a Coxeter system where W is the Weyl group asso-
ciated to a GCM with root system ®. A linear RGS system of type (W,S) is a triple
(G, (Uy)aca,T) consisting of a group G and subgroups U, < G, and T' < G such that

(RGDO) U, # {1} for all a € ®. We call U, a root subgroup.
(RGD1) [Uqs,Up] € (Uy | v €]av, B[n) for each prenilpotent pair «, 5 € ®.
)

(RGD2) For every s € S there is a function m : Uy, \ {1} — G such that for all u € U, \ {1}
and a € P,
m(u) € U_qulU_o, and m(u)Usm(u)™! = Usy.

Moreover, m(u)~tm(v) € T for all u,v € Uy, \ {1}.
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(RGD3) For every s € S we have U_,, U = (U, | v € ®).
(RGD4) G =T(U, | a € ®).
(RGD5) T normalizes each root subgroup U,.
Given an RGD-system (G, (Uy)aca,T'), we define the following groups.
o Ut :=(Uy|ae®), U :=(Uy|aecd),
e positive and negative Borel subgroup Bt := (T, U™"), B~ := (T,U~),
o N:= (T, m(u);ueUy,\{1},s€S95).

Proposition 3.5.26 ([AB08, Theorem 8.80]). Given an RGD-system (G, (Uy)aca, 1), we
have that (BT, N),(B~,N) are two BN-pairs. Furthermore, they form what is called a
twin Tits system, and give rise to a twin building C*,C~ with

(i) C* = G/B* with Weyl distance given by the individual BN-pairs,
(i) for e € {+,—},9,h € G,w € W we have

§*(9B*,hB™¢) =w <= g 'h € B‘wB™*.

Proposition 3.5.27 (See e.g. [Marl8, Theorem 7.69]). Let A be a GCM, and K a field.
Let G4(K) be the associated minimal Kac-Moody group with real roots ®, associated root
subgroups Uy, « € ® and torus Txk. Then (GA(K), (Uy)acs, Tk) is a linear RGD-system.

Lemma 3.5.28. Let (G, (Uy)acas,T’) be a linear RGD-system with set of simple roots
IM={a;|iel}. For JCIset ®;=>NP;csZa;. Then the parabolic subgroups of the
associated twin BN-pair, PF = BEW ;BT can be described as

Py = (B*,Uzo | a € ®)).
Proof. This follows for example from |[Marl8, Theorem B.39). O

Remark 3.5.29. In particular, since every Chevalley group is a Kac-Moody group of
finite type, we get a linear RGD-system for each Chevalley group as well. The associated
buildings will be spherical, thus one usually considers only one copy. We will consider it a
bit more carefully to show that the twinning that we get from the RGD-system coincides
with the natural one for two copies of spherical buildings as in Example Let
G = G4(K) be a Chevalley group with twin BN-pair (B*, B~, N) as above. The map
f:G/BT — G/B™ : gBT — gwoB~ defines a og-isometry between the chamber systems
C* and C~ since

6T (gBY,hBT) =w <= ¢ 'he BTwB™
— (gwo) thwy € woBTwB wy = B~ wowwoB~
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and hence 6~ (qwoB ™, hwoB™) = wodT (9B, hB™)wy. In particular, the associated sim-
plicial complexes are identical. Furthermore, we have

§*(gBT,hwoB™) =w <= g ‘hwy € BfwB~™ <= ¢ 'h € BfwwoB™"
and thus 6*(¢B™*, hwoB~) = 6(gB*, hB1)wy as in Example |3.5.24] and similarly
§*(hwoB~,gB") = wod(gB™,hB™).

3.6 Opposite complex

In this section, we take a closer look at the opposition relation and at the complex of
simplices opposite one fixed chamber. We describe how this complex can be seen as a
coset complex over the group U™ generated by all positive root subgroups. We use this
geometric viewpoint on U™ to deduce some of its properties.

For this section, we fix a 2-spherical GCM A = (A;j); jer with real roots ®, sim-
ple roots II = {a; | i € I} and with Coxeter system (W,S), S = {s; | i € I}, and a
field K. Furthermore, let (G, (Uy)aca,T’) be a linear RGD-system of type (W, S). Since
(BT,N),(B~,N) are two BN-pairs they give rise to the standard parabolic subgroups
PJi = B*W;B* = <Bi,U;a | a € @) for all J C I. As chamber systems, the corre-
sponding buildings can be described as

ct=¢C(G, B*,P{J;};z’ cl), C™ =C(G, B™,Ppii€ I).
They also can be described using the terminology of coset complexes (compare to Re-

mark
AT = CC(GH (P )ier), A = CC(G: (P ier):
Definition 3.6.1. (i) We call the chamber 1B™ the positive fundamental chamber.
(ii) We denote by C;, C C™ the set of chambers opposite 1B™, i.e.
Cop={C eC™ |CoplB*}.
(iii) Analogously, we denote by Aj, € A~ the complex opposite 1B™, i.e.
As,={reA” [Top {1PI+\{i} i€}« 1BT}.

For short, we will also call Ag, the opposite complex.

Remark 3.6.2. If C is a spherical building, we can define Co,(Co) = {D € C | Dop Cp}
for any chamber Cy € C and similarly for the simplicial complex viewpoint Ay, (Cp). If
the RGD-system that we started with is of spherical type, then the og-isometry from
Remark restricts to a og-isometry from Cop(1B%) to Cy, and Aqp(Co) is isomorphic
to Ag,. Hence we will in the remainder of this section only consider the opposite complex
for a twin building but all the results will apply also to the opposite complex in a single
spherical building associated to a Chevalley group.
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Lemma 3.6.3 (JABO8| Corollary 8.32]). The group U™ acts sharply transitively on the
set C,,, of chambers opposite the positive fundamental chamber.

Let Uy := (U | @ € T N ®jesZaj) < G and Uy = (Uy,; | j € J) < G. Clearly
Uj C Uy but the two groups are not necessary equal. In case J = {j} is a singleton,
the two sets coincide. For RGD-systems from Kac-Moody groups we will investigate this
further in Proposition [3.6.8] The following lemma is well known to experts, but we could
not find a reference for the statement, hence we give a short proof.

Lemma 3.6.4. Let () # J C I be a proper subset of I. Then
Uutn Py =Uy.

Proof. Since P; = (B~,Uqy | a € ;) we have U; CUT N P;.
To see the other inclusion, let C_ = 1B~ be the negative fundamental chamber and
consider its J-residue in C~.

R;(C_)={hB~ |he (Pg,|je )} ={hB" |he P}

Its stabilizer in G = G4(K) is Stabg(R;(C-)) = P; .

It follows from [ABO8, Corollary 5.30] that R;(C_) = C(P;,B~,P;,j € J) =: C;
is a building in its own rights, of type A; := (Ajj)ijes. Similarly, we get the building
Cj = C(Pf,B“L,PjJF7 j € J). This pair gives again rise to a twin building such that
Crop = Rs(C-) NCqp,

Further note that the group U is the U* for the smaller twin building of type A;.

Now, let g € UT NP . Then g stabilizes R;(C_) by the above results and thus acts on
C; . Furthermore, gC_ is still opposite ¢ since g € UT. Hence gC_ € R;(C-) N Cop- By
Lemma@ and the above considerations, U acts transitively on R;(C-)NC,,. Thus we
can find u € Uy such that ugC_ = C_. Hence ug € UTNStabg(C_) = UTNB~ = {1}, the
last equality follows from [ABOS8, Section 8.7]. Therefore we conclude g € Uy as desired.

O

The result leads to the following observation.
Lemma 3.6.5. For all J, L C I we have
UyNUy, =Ujsnr.

Proof. From Lemma we have for any J, L C I that P; N P, = P;,;. Combining
this with Lemma [3.6.4, we get

UyNU,=UTNP)NUTNP)=U"N(P; NP, )=U" NP, =Unr.
O

The following proposition is well-known to expert, but not mentioned explicitly in our
notation in the literature. Since it is essential for the following results we give a proof.
The analogous result for spherical buildings was observed in [Abr96, Page 67]
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Proposition 3.6.6. Let (G, (Uy)aca,T’) be a linear RGD-system. Then
Cop =C(U"B™,B™,Ppy,ieI)=C(U",{1},Uy,;i € 1)
as chamber system. As simplicial complex, we have
Agp = CC(U+; (UI\{i})iEI)'

Remark 3.6.7. If U; # Ujy for some J C I, then the correspondence between
chamber systems and coset complexes still works for C(U+B_,B_,P{Z~},i € I) and
CC(U*; (Up qiy )ier) but fails when considering C(U™, {1}, Uq,;;i € I). If Uy = Uy for all
J C I then the correspondence also works in that case.

Proof. By Lemma U™ acts sharply transitively on Cop- Clearly, we have 1B~ € C,,.
Hence we get that as sets C;, = {uB~ |u € Ut} = U™T. Now two chambers uB~,vB"~
are i-adjacent (i.e. uB~ ~; vB~) if and only if u~!v € P{_i} and since u~lv € U™ this
is equivalent to u~'v € UT N P{_i} = Uy,;. Thus, as chamber systems we have Cg, =
C(UT {1}, U,,;i € 1).

For the simplicial complex approach, we use Remark We know that U™ acts
transitively on maximal simplices. We fix 1B~ {1P;\ o | i € I} and consider the

stabilizers of the vertices. These are Staby+ (1P (;3) = PI_\ N Ut = U;. Thus we get

the desired description as coset complex.
If U; = Uy then the (Up gy )icsr satisfy the assumptions of Remark and the
correspondence described there connects C(UT,{1},U,,;i € I) and CC(U s (Un\qiy)ier)-
O]

This geometric viewpoint on the group U™ can be used to prove some useful properties.

The following proposition is well-known to experts, but the proof is scattered over
different sources. We gather here all the pieces. Note that part (b) is a direct analogue
to [DMO07, Corollary 1.2]. In this formulation, it was first mentioned in [Ers08, Theorem
6.2].

Proposition 3.6.8. Let K be an arbitrary field, A a GCM, G 4(K) the corresponding
Kac-Moody group with RGD-system (GA(K), (Uy)aco, Tx) and Ut = (U, | a € 1) as
above.

(a) If A is 2-spherical and |K|> 4, then Ut = (U,, | i € I) i.e. it is generated by the
simple root subgroups.

(b) If A is 3-spherical and |K|> 5, then U™ is the direct limit of the groups Uy = (Us, |
J € J) with 1 < [J|< 2 with respect to the natural inclusions Ug;y — Uy j3-

Sketch of the proof. For part (a), note that C, is gallery-connected if and only if Ut =
(Ua, | i € I). The fact that Cg, is gallery-connected under the assumption that |K|> 4
and that A is 2-spherical can be found in [AM97].

For part (b), we want to apply Proposition for m = 2 to Cg,. Thus, we need
to show that Cg, is simply 2-connected. [DMO7, Theorem 1.1] reduces the problem to the
following
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e for each rank 3 residue R containing the positive fundamental chamber C|, the set
of chambers opposite of C' in R is simply 2-connected;

e for each rank 2 residue R containing the positive fundamental chamber C', the set
of chambers opposite of C' in R is connected.

Since we assume that A is 3-spherical, each rank 3 and rank 2 residue will itself be
contained in a spherical building.

The required results for the rank 3 and rank 2 residues can be found in [HNV16],
generalizing results of [Abr96|. O

Remark 3.6.9. In particular, if A is 2-spherical and |K|> 4 then Uy = U for all J C I.
Lastly, we discuss the residual finiteness of U™.

Theorem 3.6.10. Let A be a 2-spherical GCM and let K be a finite field of characteristic
p. Then the group UT = U (K) is residually-p.

Proof. This is a consequence of [RR06, 1.C Lemma 1]. For the readers convenience, we
provide an argument for the residually finiteness of U™.

We have that U™ is contained in the stabilizer of the positive fundamental chamber
in the positive building associated to the Kac-Moody group. Thus, the action of U™
stabilizes balls of radius 7 € N around the fundamental chamber in CT. The point-wise
fixers of these balls are then finite index normal subgroups of U™T. Since U acts faithfully
on the building, the conclusion follows. O

3.7 Geometric construction of buildings of type A,,C,, D,

In the following section, we describe how buildings of type A,,, C, and D, can be con-
structed as flag complexes of certain sets equipped with an incidence relation. We fur-
thermore describe the opposite complexes in this set-up. We follow [Abr96]. The general
framework is as follows.

Definition 3.7.1. Let X be a set and let I C X x X be a reflexive and symmetric relation.
For a,b € X we write alb if and only if (a,b) € I and call @ and b incident. The structure
gives rise to the following simplicial complex, called the flag complex of X:

Flag X = {0 C X |Va,b € 0 : alb}.

Note that a flag complex X is a clique complex, i.e. a set of vertices {vy, ..., v} forms
a simplex in X if and only if they are pairwise connected by an edge, i.e {v;,v;} € X for
all0 <i<j<k.
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Buildings of type A,, Letn € N,n > 1. Any building of type A,, can be described in
the following way, see e.g. [Tit74]. Let K be a field or skew field, V' an (n+2)-dimensional
vector space over K. Set X := X (V) :={0 < U <V | U is a K-subspace of V}. Two
subspaces U, W € X are called incident if U C W or W C U. Then A = Flag X is a
building of type A,.

To describe the opposite complex in this context, we need the following notation.

Definition 3.7.2 ([Abr96, Definition 9]). (i) Two subspaces U,W of V are called
transversal (in V) if UNW =0 or U+ W = V. If this is the case, we write U thyy W
or simply U h W.

(ii) Let & be a set of subspaces of V. Then we write U h € if UM E for all E € £. We
set
Xe(V):={UeX|UhE}  Te(V)=TFlag Xe(V).

We get the following result.

Proposition 3.7.3 ([Abr96, Corollary 12]). For any simplex ¢ = {E; < --- < E,} € A
set £(o) ={F;|1<i<r}. Then

Aop(0) = Te(0) (V).

Definition 3.7.4. We denote by C4 the class of all simplicial complexes Tg(V') where
n := dim(Tg(V)) > 0, V an (n + 2)-dimensional vector space over a (skew) field K, £
is a finite set of subspaces of V' such that if we set e; = [{£ € £ | dim E = j}| we have

27:11 (jﬁl)ej < |K].

Hermitian and pseudo-quadratic forms In this part, we recall facts about her-
mitian and pseudo-quadratic forms that are needed to describe the buildings of type C,
and D,,. We will state all the necessary technicalities, but not explain much on the intu-
ition, since it is not necessary for our applications. We follow [Abr96, Chapter 5], who in
turn mostly follows [Tit74].

Let K be a skew field, o : K — K, a + a be an involution, i.e. an anti-automorphism
of K such that 02 = idg. Let € € {1,—1} C K. If 0 # idg then we require ¢ = —1. Let
V' be a right K-vector space of dimension m € NU {oo}. Let K, := {a—a’% |a € K}
and K7€ := {a € K | a+ a’ =0}. Let A be a form parameter relative to (o,¢), i.e. A
is a subgroup of (K, +) satisfying K, C A C K%° and a”Aa C A for all a € K.

Let f:V xV — K be a (0,€)-hermitian form, i.e. f is biadditive and for all z,y €
V,a,b € K we have f(za,yb) = a’ f(x,y)b and f(y,z) = f(x,y)%. Let Q : V — K/A be
a (o, €)-quadratic form with associated (o, €)-hermitian form f, i.e. Q(za) = a’Q(z)a+ A
and Q(z +y) — Q(x) — Q(y) = f(z,y) + A for all z,y € V,a € K. If A = K we require
that f is alternating. If A # K then f is uniquely defined by Q.

For M CV we write M+ := {x € V| f(x, M) = 0}. A subspace U < V is called

e non-degenerate if U N U+ =0,
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e totally degenerate if U C U™,

e anisotropic if 0 ¢ Q(U \ {0}),

e isotropic if 0 € Q(U \ {0}),

e totally isotropic if U C U* and Q(U) = 0.

We require that there is at least one finite-dimensional, maximal, totally isotropic sub-
space. In that case, all maximal, totally isotropic subspaces have the same dimension. We
denote this dimension by n and call it the Witt index of (V, @, f). We require 0 < n < oo.
Furthermore, we require that V+ = 0. We say that the triple (V,Q, f) is a pseudo-
quadratic space if it is of the form described above.

If it additionally satisfies (m,A) # (2n,0) then we say (V,Q, f) is a thick pseudo-
quadratic space.

Note that if (V,Q, f) is a thick pseudo-quadratic space and K is a finite field, then
dimV < 2n + 1. In general, if one only considers finite fields, especially of characteristic
different from 2, the set-up can be substantially simplified, see [AB0O8, Remark 9.3, 9.4].

Buildings of type (), Let n € Nyn > 1 and (V,Q, f) be a thick pseudo-quadratic
space with Witt index n. Set X := X(V) = {0 < U < V | U is totally isotropic} with
incidence relation given by containment as in the A, case and A = Flag X. Then A is
a thick building of type C),, and every classical C), building can be obtained in this way
(here classical means that the links of type Ay correspond to Desarguesian planes, which
is always the case for n > 4), see |Tit74, Theorem 8.22]. We start with the following
technical definition, which is used to describe when a building is “thick enough”.

Definition 3.7.5. Set  := {0 < U <V | dimU < oo}, U+ := {U+ | u € U} and
W :=UUJU+ .

Let € be a finite subset of W such that - = €. Assume K = F, is a finite field. Set
& ={F ef|dmFE = j},e; := |&| and e,(f) = Z?io (2j5)eh+j for h € N;s € Ny and
h + 2s < m. We define

e N(&):= egn_l) if f is alternating (= m = 2n) and Q =0,
e N(&):= (e(ln_l)>2 if m =2n and o # id,
o N(&) =20 if m=2n+1,
e N(&):=max {egnfl) + eénil) +1, 26&”71)} if m = 2n + 2.
Definition 3.7.6. For a set £ of subspaces of V' we again define
Xe(V)={Ue X |UME}, Te(V) = Flag Xg (V).

This is very similar to Definition [3.7.2] but here the set X is different since it only contains
proper totally isotropic subspaces and not all proper subspaces.
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Proposition 3.7.7 ([Abr96, Corollary 15]). For any simplex 7 ={E; < --- < E,} € A
set £(1) = {E;, B | 1 <i <r}. Then Agy(7) = Tg(r) (V).

Definition 3.7.8. With C¢ we denote the class of simplicial complexes T¢(V') where
n =dim(Tg(V)) +1 > 1, K a (skew) field, (V,Q, f) is a thick pseudo-quadratic space
with Witt index n, £ a finite subset of W (see Definition such that £+ = &. If K
is a finite field, we further require that |K| > N(E).

Buildings of type D, For this section let (V,Q, f) be a pseudo-quadratic space but
in the specific case where K is a field, 0 = idg,e = 1,A = 0, V a K-vector space of
dimension m = 2n > 4, () an ordinary quadratic form and f the corresponding symmetric
bilinear form. We further assume that V' is non-degenerate and of Witt index n.

We set as before X = X (V) = {0 < U < V| U is totally isotropic}. Then A = Flag X
is a weak (), building, in particular it is not thick, since each totally isotropic subspace
of dimension n — 1 is contained in exactly two totally isotropic subspaces of dimension
n. Furthermore, the space Y = {U € X | dimU = n} is partitioned into two sets
Y = Y1 UY>s such that for Uy, Us € Y; we have n — dim(Uy N Us) € 27Z for ¢ = 1,2 and for
Uy € Y1,U; € Yo we have n — dim(U; N Usy) € 2Z + 1. In particular, if for U, Uy € Y we
have dim(U; NUz) = n — 1 then U; and Us are in different sets of the partition.

To obtain a thick building of type D,, we set X = X (V) ={U € X | dimU # n — 1}
and we say that U, W € X are incident if and only if

UCWorWCUor dm(WnNU)=n-—1.

Then A = Flag X is the desired building. We will write Orifl(X) for Flag X to stress that
we consider X not with the usual incidence relation given by inclusion, but with this new
one. Note that Orifl X is called the oriflamme complex of X.

For n > 4 every building of type D, is of the form A for some field K [Tit74), Propo-
sition 8.4.3]. We also consider the construction for n = 2,3 in which case we get certain
(but not all) buildings of type Dy = A; x A; and D3 = Ag, which were already covered
earlier.

To describe the opposite complexes, we need to introduce some further notation.

Definition 3.7.9. For arbitrary subspaces U, W of V| we define
UhyW < Uy Wor (UW e X, U=ULW =W and dim(UNW) = 1).
For a set &€ of subsets of V' we define (different from Definition (3.7.2)

X(V)={Ue X |UNE},  Te(V)=FlagXe(V)
Xe(V)={U e X |UME},  Tg(V)=Orifl Xg(V)

Proposition 3.7.10 ([Abr96, Corollary 17]). Let 7 = {F} < --- < E,} € A and set

E(r) = {El,Ef- | 1 <i<r} then AOP(T) = TE(T)(V).
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Chapter 4

Kac—Moody—Steinberg groups and
complexes

We are now ready to define the main objects of our work, the KMS groups and complexes.
A significant part of this chapter appeared in [GV25].

4.1 Kac—Moody—Steinberg groups

For this chapter we fix a 2-spherical GCM A = (A;j);,jer with real roots ® and simple
roots II = {o; | @ € I}. Furthermore, we fix a field K of size at least 4. We denote by
G A(K) the corresponding minimal Kac-Moody group with root subgroups Uy, a € ®.

Definition 4.1.1. Let Q4 = {J C I | A; = (Ajj)ijes is spherical} be the set of all
spherical subsets of I. As before, we write Uy = (U,, | i € J) < G4(K) for all J € Q4.
For J € L € Q4 we have an injective homomorphism ¢, : U; — U, given by the
inclusion Ujy C Uy,.

The Kac-Moody—Steinberg (KMS) group of type A over K is the direct limit of the
system ((Uy)seqas (9,L)screr) (see Definition [3.5.15). We denote it by Ua (K).

The first appearance of a Kac-Moody—Steinberg group was in [EJ10] as a Golod-
Shafarevich group with property (T). The rank 3 case was further investigated in
[Cap+22]. KMS groups over Q and in particular their relationship to the maximal
unipotent subgroup U* of the corresponding Kac—Moody group were studied in [CM26].
Note that there is a dichotomy between the 3-spherical case and the 2-spherical but not
3-spherical case. In the first case, the KMS group is isomorphic to U™ which is not the
case otherwise.

Example 4.1.2. We consider the KMS group of type HB§2) that will give an interesting
construction of KMS complexes later. The corresponding Dynkin diagram can be seen
in Figure The corresponding system of groups and morphisms is displayed by the
diagram in Figure which is an instance of what is called a triangle of groups.
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C

A
(2)

Figure 4.1: Dynkin diagram of type HB5™.

Uab O Uy P Upe
i<g T ®
% {1} Q

« Ny
U, U.
Z o
Uac
(2)

Figure 4.2: The triangle of groups corresponding to the KMS group of type HB;™.

We have that U, =2 U, 2 U, = (K,+) and

1 =z y
Uapp = 01 z||zyzeK,,
0 0 1
1 w wy+z y+wx
~ N 0 1 T
Upe = Uge = 0 0 zi 0 | w,z,y,z € K 3 < Spy(K)
0 0 —w 1

0 I

where Spy(K) = {A € GLy(K) | ATJA = J} for J = ( L 0
—42

). The morphisms are as
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follows
1 =z O 1 0 0
Gap :Uqg > Ugp:x— |0 1 0 Opa :Up > Ugp:2z2— 10 1 2
0 0 1 0 0 1
1 w 0 O 1 0 0 O
0 1 0 0 01 0 =«
Gac : Uy = Uge - w 00 1 o0 Gca : Ue = Uge : T — 00 1 0
0 0 —w 1 00 0 1
1 w 0 O 1 0 0 O
01 0 O 01 0 «x
¢bc.Ub—>ch.wn—> 0 0 1 0 ¢cb.Uc—>ch.xi—> 001 0
0 0 —w 1 0 0 0 1

When K = F,, with p a prime, the KMS-group of type HBéZ) has the following presen-
tation:

Us(K) = {a,b,c| a? b P la,b,al,la,b,bl,[c,b,cl,[c,b,b,b],[c,b,b, ], (4.1)

[e,a,c],[c,a,a,al,]c,a,a,c]).

Remark 4.1.3. By the universal property of the direct limit, there exist morphisms
f7: Uy = Us(K) for all J € Q4. On the other hand, all groups U; are subgroups
of G4(K). Hence we have canonical morphisms gy : Uy — Ga(K) compatible with
the embeddings ¢ ;. Thus, by the universal property, there exists a unique morphism
Y UA(K) — G A(K) such that g5 = ¢ o f;. In particular, since the g; are injective, the
f7 also need to be injective. By slight abuse of notation, we will denote the image of U;
under f; in U4 (K) by Uy again.

Remark 4.1.4. If we equip Q4 with the ordering of reversed inclusion C°P (i.e. J C°P
L:<= JDOL)then (Qa,C%, (Us)seqQus (¢1)Lcorscq,) is a complex of groups in the
sense of [BH99, Definition I1.12.11]. The KMS group U, (K) is then what is called the

fundamental group of the complex of groups.

Remark 4.1.5. If additionally |K|> 5, then by Proposition we know that for J €
Qa4,]J|> 2 it holds that Uy is the direct limit of the groups Uy; j3,%,j € J with respect to
Uiy = Utigy-

In particular, the KMS group Ua(K) is the direct limit of ((Ug;y)ijer, (Upy —
Ufijv)iger). Thus we get the following abstract presentation for the KMS groups:

Us(K) = <u5(t) for t € K, B € [o, o], 0,5 € 1 | R>

where the set of relations R is defined as:

for all {o, B} C [, a4ln, 4,5 €1, t,s € K:

Ua(t)ua(s) = ua(s +1),

[ua(t), us(s)] = H Uny (CI?,Z tksl) .

vy=ka+IB€]a,B[n
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The constants C,i ’lﬁ are the structure constants as in the definition of the Chevalley and
Kac—Moody groups.

This also motivates the name Kac—Moody—Steinberg groups, since we only consider
(part of) the Steinberg relations between the positive root subgroups of the Kac-Moody

group.

We fix the following notations: U; = Uy < Ua(K) for i € I and Uj; = Uy 5 for
i,7 € I. We denote the generators of U; = Uy, as uq, (A) or u;(A) for short. In particular,
to distinguish the generators of the KMS group, we will denote them with u, while we
denote the generators of the Kac-Moody and Chevalley groups with z.

Example 4.1.6. If we set K = F, and A;; = —1 for all i # j, then U4 (K) has the
following presentation:

UAE) = (ur, . ua [uf, [[us wg), ug) (6 ).
This example appears in [EJ10, Proposition 7.4] as an example of a Golod-Shafarevich

group with property (T) provided d > 6 and p > (d — 1)2.

Corollary 4.1.7. The map ¢ : Ua(K) — G4(K) from Remark given by mapping
the generator uq,(\) of the root subgroup U; of U (K) to the generator x,(\) of G4(K)
has the following properties.

(i) The image of 9 is contained in U™.
(ii) If A is 2-spherical and |K|> 4 then the image of v is equal to U™.
(iii) If A is 3-spherical and |K|> 5 then ¢ : Us(K) — U™ is an isomorphism.

Proof. The first point is clear from the definition. The other two points are a direct
consequence of Proposition [3.6.8 O

4.2 KMS complexes

In [BH99, Chapter II1.12], Bridson and Haefliger associate to a complex of groups certain
partially ordered sets (posets) and their geometric realization via ” The basic construction”.
If we apply this construction to the complex of groups ((Uyj)jeQu, (¢s1)icreq,) (see
Remark and a group G with map ¢ : Us(K) — G which is injective on all the U
the construction gives rise to a poset

D(Qa,¢) = | | G/o(Uy)
JEQA
with ordering < given by
gp(Uy) < hg(Ur) <= J C°° L and g~ 'h € ¢(Uy).

Recall from Remark that an arbitrary poset can be realized as a simplicial complex
by considering its flag complex, but if it satisfies certain properties it can itself be seen as
a simplicial complex. We restrict to the following case.
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Lemma 4.2.1. If we assume that Qa4 = P(I) \ {/} and furthermore ¢(U; N UL) =
¢(Uy) N ¢(UL) then we can identify D(Qa, ¢) with CC(G; (¢(Up (1) )ier)-

Proof. We start with CC(G; (¢(Up qi}))ier)- When considering the simplicial complex
as a poset, the smallest element corresponds to the empty simplex. One level above
that, we have the vertices U;je;G/d(Up(;3). For each g € G and i # j € I the

set {gd(Uniy), 9¢(Ungjy)} forms an edge. Two such sets {go(Un i), 96(Un 1)}
{ho(Ungy), ho(Uny;y)} correspond to the same edge if and only if
g 'h € 6(Ungy) NoUn ) = ¢Un i)

Hence the set of edges can be identified with the set U;zjerG/¢(Up ;1) Similarly, the
set of k-simplices corresponds to the set UJQI:|J|:]€+1G/¢(UI\J). Now given a k-simplex
represented by go(Up s) its set of vertices is {g¢(Upn ;) | @ € J}. In particular a vertex
hé(Up qiy) is contained in g¢(Up ) if and only if i € J and g¢(Up 111) = he(Up 1) But
this gives precisely the ordering of the poset D(Q 4, ¢).

The other direction works analogously, with the slight technical trick, that we have to
add a smallest element to P(I)\ {/}, C°P which will correspond to the empty simplex. [

This motivates the following definition.

Definition 4.2.2. Let A be a GCM over the index set I which is (|I|—1)-spherical but non-
spherical, i.e. Q4 =P(I)\ {I}. Let K be a finite field of size ¢ > 4. Let ¢ : Us(K) - G
be a finite quotient of U4 (K) such that

(i) ¢|u, is injective for all J € Q4 (we say ¢ is injective on the local groups),
(ii) ¢(UsNUL) = ¢(Us) N ¢(Uy) for all J, L € Qa.

Then we set
X = CC(G; (p(Up\(31))jer)
and call X a KMS complex of type A over K.

Since we assume that G is finite, the KMS-complexes will be finite complexes. But we
can also apply the construction to the identity map Ua(K) — Ua(K).

Definition 4.2.3. Let A be a GCM over the index set I which is (|I|—1)-spherical but
non-spherical. Let K be a finite field of size ¢ > 4. We define the fundamental KMS
complez of type A over K to be

Ya(K) = CC(UA(K); (Un iy )ier)-

Corollary 4.2.4. Let A be a GCM over the index set I which is (|I|—1)-spherical but
non-spherical. Let K be a finite field of size ¢ > 5. If |[I|—1 > 3 then

Ya(K) = Ag,
where Ag is the opposite complex of the twin building associated to G a(K).
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Proof. This follows from Corollary since in this case UT 2 U4 (K) and the isomor-
phism preserves the local groups. O

Before we have a closer look at the KMS complexes and their properties, we show that

finite quotients satisfying the assumptions of Definition exist.

Finite quotients of KMS groups via residual finiteness Already having high-
dimensional expanders in mind, we are not only interested in constructing one finite
quotient with the required properties, but an infinite family of finite quotients of increasing
size.

We fix a GCM A with rank n + 1 which is n-spherical. Additionally, we fix a finite
field K with at least 4 elements. We want to use that the group U™ of the Kac-Moody
group G 4(K) is residually finite. We start with a technical observation.

Observation 4.2.5. Let f : X — Y be a homomorphism between two groups X,Y and
let A, B < X be subgroups such that f|4 and f|p are injective. Then

fLANf(B) = f(ANB) <= ker(f)N[(A\(ANB))- (B\(ANB))] =10
where for any sets A, B C X we define A’- B’ :={a-b|laec A',be B'}.

Lemma 4.2.6. Let ¢ : Ua(K) — U™T be as in Remark and write Uy = ¢(Uy) for
all J € Q4. Let H be any group and ¢ : U™ — H a homomorphism satisfying

(i) ¢lu, is injective for all J € Q 4;
(ii)) ¢(Uy)No(Ur) =p(U;NUL) for all J, L € Q4.

Then the composition f = ¢ o1 : Us(K) — H satisfies, for all J, L € Q4

fWU)N fUL) = f(U;NUL)
and f is injective on the local groups.

Proof. The map f is injective on the local groups as it is the composition of two maps
that are injective on the local groups.

Let J,L € Qa and set U}, =U; \ (U;NUL) and U, = U\ (U;NUL) and similarly
for U] and U’;. Using Observation it suffices to show ker(f) N (U} - U;) = 0. Note
that ker(f) = ker(¢ o) = ¢~ (ker(¢)). Moreover,

Y Hker(¢)) UG -Up =0 <= ker(¢p) N(U}-UL) = 0. (4.2)

Since 1 is a homomorphism injective on the local groups, we have (U’ -U;) = U/, - U’
By assumption, the equality on the right-hand side of the equivalence in Equation
holds. O

Note that the sets Uy - Uy, are finite. Since U™ is residually finite together with the
fact that |J; co, Us - UL|< oo, Lemma implies the following corollary.
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Corollary 4.2.7. Let A be a 2-spherical GCM and let K be a finite field of characteristic
p such that |K|> 4. Then, there is an infinite family of finite index normal subgroups
Nla N27 et gf,i, U+ SU.Ch that

(i) N; N (UJ,LEQA U, UL) = {1} for all 4, and,;
(i) lim;—eo|U™/N;|= 0.
Moreover, the quotient maps
b =1vYoy;: Z/{A(K)i>U+ﬁ>U+/Ni

are injective on the local groups and for any J,L € Q4 we have ¢;(Uy) N ¢;(Ur) =
qbi(UJ N UL).

In particular, this infinite family of finite quotients gives rise to an infinite family of
KMS complexes.

Structure of the links The key property of the KMS complexes that will make them
useful to construct high-dimensional expanders is that we can describe the links explicitly.
In particular, they are independent of the finite quotient ¢ : Us(K) — G.

We fix the following situation: Let A be a GCM over the index set I which is (|/|—1)-
spherical but non-spherical. Set n = |I|—1. Let K be a finite field of size ¢ > 4. Let
¢ : UA(K) — G be afinite quotient of U4 (K) satisfying the assumptions of Deﬁnitionm
Let X = CC(G;¢(Up iy )ier) denote the corresponding KMS complex. For simplicity, we
denote H; = (ZJ(UI\{z}) and Hr = Ner H;.

Proposition 4.2.8. Let o € X (i) for i <n — 2 be of type 0 # T C I. Then

llx (o) 22 CC (Hrs (Hrogwy) enr ) = €€ (Unas (Unarogn)enr) -
Proof. Firstly, note that, using the assumptions of Definition [£.2.2] we have

Hr = Nier¢(Ungsy) = ¢(NierUn (3y) = ¢(Unr)

where the last equality follows from Lemma
Thus, ¢|UI\T: Unr — ¢(Upnr) = Hr is an isomorphism of groups that maps Hrpygy
to Up (rufs}) and hence induces an isomorphism of coset complexes. O

Corollary 4.2.9. Let X be a KMS complex of type A over K as above and let o € X (7)
for i <n —2 be of type ) # T C I. Then

lkx (o) = Agp
where Ay, here denotes the opposite complex in the building associated to Chev 4 I\T(K ).

Proof. This follows from Proposition and Proposition Note that by assumption
Ap is spherical. O
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Corollary 4.2.10. Let X be a KMS complex of type A over K as above and let o € X (7)
for i <m —2 be of type ) # T C I. Since A is 2-spherical and K has at least 4 elements
all the links lkx (o) are connected. Furthermore, X itself is connected.

Proof. This follows from the characterization of connectivity of coset complexes in
Lemma together with the fact that for ) # T C I we have

<UI\(TU{1}) 11 € I\T> = <U{]} j S I\ (TU{’L}),Z S I\T)
= (Ugjy 1§ € YienrI \ (T U{i}))

Since ¢ is surjective, we have G = (¢(Uyyy) | i € I) = (p(Upqay) | 7 € I). O

Bounded degree When constructing an infinite family of high-dimensional expanders,
we want that complexes in the family have a uniform bound on the degree. In this section,
we establish that all KMS complexes of type A over a finite field K have the same degree
bound, only depending on A and K.

Again, let A be of rank n + 1, n-spherical and purely n-spherical, K a finite field with
at least 4 elements. Let ¢ : U4 (K) — G denote a finite quotient satisfying the assumptions
of Definition and let X = CC(G, (H;)icr) denote the corresponding KMS complex.
Recall that Hz' = ¢(UI\{Z})

We want to consider the number of maximal faces that contain a given arbitrary vertex
gHi-

Maximal faces in X are of the form {hH; | i € I},h € G. Two maximal faces
{hH; | i€ I}, {WH;| i€ I} coincide if and only if A~ 'h' € M;c; Hi = ¢(N;e; Ugay) = {1}
Thus, every element in G gives rise to a unique maximal face.

Which maximal faces contain a given vertex gH;? Note that:

ng€{hH]|]EI} < gH;=hH; < h € gH;.

Thus
deg(gH;) = |Hi|= |Upgy|= [(Ugy | 5 € T\ {i})].

The cardinality of Up g is equal to |K | where ¢ is the number of positive roots in
the root system of type Ap ;1 by [Car89, Theorem 5.3.3]. The number of positive roots
in the root system of type Ap y;) is bounded from above by (|I|-1)2 = n? if Ap iy is of
classical type (i.e. A, By, Cy, Dy). Exact numbers, also for the exceptional types, can be
found in [Bou08, Chapter 6, Section 4].

Thus the coset complexes we obtain are of bounded degree and the bound depends
only on the choice of the generalized Cartan matrix and the field we chose for the Kac—
Moody—Steinberg group Uy (K).

76



4.3. Congruence KMS complexes

4.3 Congruence KMS complexes

Up to this point, we have proven that KMS complexes exist using the residual finiteness
ness of UT. In this section, we give an explicit construction of KMS complexes using
matrix groups over polynomial rings. This construction works for all KMS groups of
affine untwisted type. We recall the following setup from Chapter

Let A be a Cartan matrix with root system ® and set of simple roots II= {ag,...,an}
and highest root «, and let A be the corresponding untwisted affine GCM with real roots
® and simple roots II = {@j, ..., @,}. Recall that we use the notation aqm = @+ md to
describe the real roots. Let K be a finite field of size at least 4. Composing the map ¢
from Proposition with ¢ from Remark yields the following.

¢ : Us(K)-5U S (K) -5 Chev 4 (KTt))

ZTa,(A)  1#0

wirmn {0 120

To construct an infinite family of finite quotients we proceed as follows. Let f € K|[t]
be an irreducible polynomial of degree £ > 2 and let (f) denote the ideal generated by f.
We denote by 7y : K[t] — K]Jt]/(f) the projection to the quotient of the polynomial ring
by the ideal generated by f.

Using the functoriality of the Chevalley groups, this induces a map which we again
denote by 7y:

7y : Chev 4 (K[t]) = Chev 4(K[t]/(f))
za(X) = za(A+ ().

Our goal is now to show that the composition ¢y = 7f 0 ¢

b5 UA(K)-25 Chev (K[t]) —% Chev ;(K[/(f))

]
U,Q)H{%M i#OH{waz(AJr(f)) i #0
“ z_(A\t) i=0 (Xt (f) i=0

satisfies the assumptions of Definition [4.2.2] i.e. is surjective, injective on the local groups
and the intersection of the images of two local groups is the image of the intersection.
Then fixing an infinite family of irreducible polynomials of increasing degree will give
rise to an infinite family of KMS complexes of the same type and with increasing size.
For J € Q4 note that {a; | j € J} C Il and {a; | j € J} C I U {ag} are sets of
linear independent roots that generate roots subsystems ®; = @je g Za; N @ and ;=
é jeg Lag N ®, respectively. Their set of positive roots is denoted by <I>}r =& jeg No; N @

and @}r = @jeJ Noj N ®, respectively.

Remark 4.3.1. Due to the way we defined A from fi, we have that the angles between
@;,a; and oy, oj are the same. Thus, for every J € Q4 we have ®; = & ;.

7



4. KAC-MOODY—STEINBERG GROUPS AND COMPLEXES

Proposition 4.3.2. We have the following description of the image of the local groups
under ¢, where the product is taken in an arbitrary fixed order on <I>}'.

¢(UJ> = H xa()\aa,mtm) ‘ Aa(x,m € K

aa,me‘bj

Proof. Note that, for J € @4, Uy is up to isomorphism the unipotent subgroup of the
positive standard Borel subgroup of Chev4,(K). Thus, from [Car89, Theorem 5.3.3] for
height preserving orders and [Stel6, Lemma 16] for arbitrary orders on ®%, we get that

Ur=1{ [[ wara) | M€ K

+
acd;

Thus,

o(Uy) = H P(ua(Xa)) [ Aa € K o = H P(tag,m(Aag.m)) | Adam € K

acd’h aam€e®?t

= H ma()\aa,mtm) | )\aa,m € k

aa,meq)j
[

Remark 4.3.3. Let aqm € @}r for some J € Q4. If 0 ¢ J, then we can write aqm =
a+mé = > jeg M0 = ey nja; for some n; € N and thus a = . ynja; and m = 0.
If 0 € J, then, for some n; € N, we have
Qom = Y _njo; = Y mjaj+ngtig=F+-y+0=B-y+0
jeJ jeJ\{0}

—_——
=Bcd

and thus m = 1.

Lemma 4.3.4. Let f € K]Jt] be an irreducible polynomial with deg(f) > 2. Then the
map ¢y = mpo¢: Ua(K) — Chev ;(K[t]/(f)) is injective on the local groups Uy, J € Qa.

Proof. We know that ¢ is injective on the local groups as a composition of maps which are
injective on the local groups. Since deg(f) > 2 we have that 7¢|x and 7¢|x.; are injective.
The results of Proposition and Remark yield that the arguments inside the z,
in the image of a local group are polynomials of degree less or equal to 1. O
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Next, we show that ¢ satisfies that the image of the intersection of two local groups
is the intersection of the images.

Lemma 4.3.5. There exists £ € N, depending only on the GCM A and K, such that for
any irreducible polynomial f € K[t] with deg(f) > ¢ and for all J, L € Q 4, we have

or(Us)Nos(UL) = ¢p(UyNUL).

Proof. We know that in ¢(Uy), ¢(Ur) the degree of the arguments inside the z, of Propo-
sition [4.3.2] is at most one. Since the sets Uy, Uy, are finite, we know that the degree
of ¢ inside the z, that appear in ¢(Uy) - ¢(Ur) is bounded above by some constant £,
depending on the size and the type of J, L. Set £ = maxjreq, £s, +1. Then, by choosing
f of degree at least ¢, we ensure that 7 is injective on ¢(Uy) - ¢(Uyr) for all J, L € Q4.
Furthermore, we know that the map ¢ from U™ to Chev ;(K[t]) is injective. Thus 7o
is injective on U, peo, ¥(Us) - ¥(Ur). Hence, Lemmam gives the desired result. [

For fields of characteristic different from 2, this result can be made substantially more
precise using the adjoint representation of Chev ;(K[t]/(f)). For the characteristic 2 case,
see also Remark [£.3.7]

Proposition 4.3.6. Let K be a finite field of characteristic different from 2, |[K|> 5 and
let f € K[t] be irreducible with deg(f) > 2. Then for all J, L € Q4, we have

or(Us)Nos(UL) = ¢p(UsNUL).

Proof. Recall that

G5 UA(K)-2 Chev 4 (K[t]) L Chev 4 (K[t]/(f))

() > za;(A) 1#0 ) 2a,(A+(f)) i#0
' z_(Xt) i=0 z_(M+(f) i=0

We show that the map 7y is injective on ¢(Uy) - #(Ur). To do so, we consider the
adjoint representation of the Chevalley group Ad : Chev ;(K[t]/(f)) — GL(g) and show
that the composition Ad ory is injective on ¢(Uy) - ¢(Ur). Here g denotes the Lie algebra
of G = Chev 4(K[t]/(f)).

We use the notation and results from Section By [Marl8, Theorem 7.55] there
exists a maximal split torus 7' of G such that ker(Ad) C 7. Furthermore, we have
71 (p(Uy))NT = 7s(p(Ur))NT = {1}. Hence, Ad is injective on 7 (¢(Uy)) and 7¢(p(UrL)).

Next, we show that ker(Ad) N7¢(¢(Uy) - ¢(Ur)) = {1}. Suppose there exists a 1 #
z € mp(¢p(Uy) - ¢(Ur)) that acts trivially on g, i.e. Ad(z) = 1. Then there exist g €
7t (d(Uy)), g € mp(¢p(Ur)) such that Ad(g) = Ad(¢’). Without loss of generality, we can
assume that J = I\ {i} for some ¢ € I (otherwise J C I\ {i} for some ¢ € I, thus
U € Up iy and hence 7y (¢(Uy)) € mp(d(Up(1))). Assuming that L € J (otherwise the
statement is trivial) we get that i € L.
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Let £ be the subspace of g spanned by the basis {hq,es5 | o € IL, 8 € <I>JJ“} Then £ is
a Lie subalgebra of g. Note that Ad(g) stabilizes £; and that, if we define £ analogously
to £, we have that Ad(¢’) stabilizes £y..

Next, we show that there exists a h € h with Ad(¢')(h) ¢ £;. Note that any o € <I>2'
has a unique decomposition as Zie 1, iy for some n; € N. We consider the height of «
in @2‘ ie. ht(a) = Y ;cpni- We order the roots in ‘I)ZL in the following way: we start
with the roots in <I>JLr \ @}r and order them increasing in height. Afterwards, we arrange
the remaining roots, which are in (132“ N <I>j, in arbitrary order. Then ¢’ can be written
in the following way, where the product is taken in the order that we just fixed (see

Proposition [4.3.2)):
g = H ZTa(Sa)-

acdf

Here the s, are elements of K[t]/(f). Let a € <I>'£ be the first root in the order such that
sq # 0. Since ¢’ ¢ m(¢(Uy)), we have that a € <I>z \ q)}r

The set P := @2‘ \ (Iﬁ has the following two properties. For all 8,v € P such that
B+ve€ @t we have 8+ ~v € P (we say that P is closed), and for all g € P,y € <I>2 with
B+~ € ®" we have 8+~ € P (we say that P is an ideal in @}f)

We inductively apply formulas 1' and |D to Ad(¢’)(ha) = Ad(Hﬂei{ zg(sg))(ha),
using the observations above and that z,(s4) is the first non-trivial term in ¢’. Further
using that Ad(z4(sa))(ha) = ha — 2Sa€q, we have that

Ad(¢')(ha) = ha — 2500 + Z Ageg + Z Ayery
pedind} YEPT\®T: ht(y)>ht(a), v

for some Ag, A, € K[t]/(f).

Since we assume char(K) # 2, we have Ad(¢')(ha) ¢ £, a contradiction to Ad(g) =
Ad(g’). Therefore, we have shown that ker(Ad) N7¢(¢(Us)o(Ur)) = {1}.

Now, we can conclude that 7 is injective on ¢(Uy) - #(Ur). Let 1 # a € ¢(Uy),1 #
b € ¢(Uy) such that ab # 1. We want to show that 7¢(ab) # 1. By Lemma[4.3.4] we have
mr(a) # 1,m¢(b) # 1. Since both are in m¢(¢p(Us)-¢(Ur)) and s (p(Uy)-¢(Ur))Nker(Ad) =
{1}, we know Ad(7¢(a)) # 1, Ad(m(b)) # 1 and Ad(ns(a)ms(b)) = Ad(m¢(ab)) # 1. This
implies that m¢(ab) # 1.

Furthermore, we know that ¢ : U™ — Chev 4(K[t]) is injective. Thus 7o is injective
on Uy reg, ¥(Us) - ¢(Ur). Hence, Lemma gives the desired result. O

Remark 4.3.7. If the characteristic of K is 2, the proof of Proposition only fails if
a(h) = 0 for all h in the Cartan subalgebra. The root « is the image of a simple root, say
«;, under the action of an element of the Weyl group. Thus,

a(h)y=0forallhebh < a;j(h)=0forallhch < Aj; = a;(haj) =0 forall j I

If the Cartan matrix A has no column equal to 0 mod 2, e.g. the Dynkin diagram has
no double edges, then the above proof still works by choosing h such that a(h) # 0 in K
instead of taking h,. Hence, if the characteristic of K is 2 and the Cartan matrix is not
of type C,,, we still get the result of Proposition
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Lastly, we show that ¢y is surjective.

Proposition 4.3.8. The image of ¢ has the following form:
H(UAK)) = <xa(g) laed,ge K[t]ifacdt,ge ()< K[t] otherwise > .

Proof. Recall that ®* = {@+md | m = 0Oandow € T orm > 1,a € &} and for
Ugy . (A) € UT we have ¢(uq, ,,(N)) = 2o(A™). Thus,

$UAK)) = (U") = o((tan n(Aag ) | Gam € 2T, N € K))
= (2a(Mat™) [m=0and a € ®* or m >1,a € D)
which implies the result. ]
Corollary 4.3.9. The map ¢y = mp o ¢ : Ua(K) — Chev 4(K[t]/(f)) is surjective.

Proof. This follows from Proposition together with the fact that K[t] = (¢) + (f)
and thus we have 7 (K[t]) = 7¢((t)). O

The results now justify the following definition.

Definition 4.3.10 (Congruence KMS complexes). Let ® be a spherical root system of
type A and rank n, let K be a finite field of order > 5 and characteristic different from
2, and let f € K[t] be an irreducible polynomial of degree > 2. We define the congruence
KMS complez X(®, K, f) as

X(®,K, f) = CC(Chev 4 (K[t]/(f)); (mf(H:))ieto, .n})

where 7y : Chev 4 (K[t]) — Chev ;(K[t]/(f)) is the projection induced by the map K[t] —
K|[t]/(f). Furthermore, for i = 1,...,n we set

H; = (z_(M),z0,(N) | j€{1,...,n}\ {i}, A € K) < Chev 4(K][t])

and
Hy = (xaj(/\) |je{l,...,n},A € K) < Chev ;(K][t]).

Given a sequence of irreducible polynomials fs € K]Jt| of degree ¢ > 2 such that
deg(fs) tends to infinity, we define the family of congruence KMS complexes associated
to the sequence {fs} to be the family {X®) = X (@, K, f,)}s.

Corollary 4.3.11. A congruence KMS complex X(<i>, K, f) is a KMS complex of type A
over K with respect to the finite quotient ¢y.
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Example case: SL; In this section, we describe the situation in the case where ® is
of type Asg, i.e. Chev ; = SL3. This will give rise to probably the most basic example of
a KMS complex.

In this case the generators x,(\) for a € ® of the Chevalley group can be realized as
the following matrices:

1 A0 1 0 0 1 0 0
xal ()\) = 0 ]' O ) 3302 ()\) = 0 1 )\ ) x—'y()\) - 0 ]. O
0 0 1 0 0 1 A0 1

We consider the map ¢ as described above:

¢ UA(K) = (ui(A) |1 =0,1,2,A € K) = Chev 4(K[t]) = (za(g) | a € ®, g€ Kt])
ur(A) = zqy (N) u2(A) = Zay () up(N) = z_(A2).

We get the following images of the local groups of the spherical subsets of I = {0, 1, 2}:

1 K K 1 K 0 1 0 O
p(Uhe)=(0 1 K|, ¢Un)=(0 1 0], ¢Up)=|Kt 1 K
0 0 1 Kt Kt 1 Kt 0 1

Next, we fix a family of irreducible polynomials (fp,)men with deg(fy) > 2 for all
m € N, and with lim,, , deg(f,) = oo. Note that when ® is of type A,, then the
constants C, g appearing in the proof of Proposition have value £1 and thus do not
vanish when seen in K[t|/(fm) even if K has characteristic 2. We obtain the maps

¢m =74, 0 ¢ UA(K) = Chev 4 (K[t]/(fm))

by taking each entry of the matrices modulo the ideal generated by fy,.
Setting

Gm = Chev 4(K[t]/(fm)), Hy" = 75, (¢(U12)), HY* = 7y, (6(Un2)), Hy" =7y, (¢(Uo1))

we get an infinite family of congruence KMS complexes of the form

KMS complexes of fixed type in matrix groups of arbitrary large rank
Another example of a KMS complex was given in [Cor25|. There, the author considers the
2 -1 =2
GCM A=1|-1 2 —2] with corresponding Dynkin diagram as shown in Figure |4.1
-1 -1 2
We denote the simple roots by II = {a,, ap, o} as indicated in Figure
Recall that when K = F,, with p a prime, the KMS-group of type A has the following
presentation:

MA(K) g <a’ b7 c | an bp? Cp? [a’ b7 a]’ I:a? b? b]’ [C’ b7 C]? [67 b? b’ b]? [07 b7 b7 C]7 (4'3)

[07 a? C]’ [67 a’? a/’ a]7 [67 a7 a’7 C]>'
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The construction of the finite quotient is as follows.
Let Mg, My, M. € Mat,(K). For all A € K, set

10 0 MM, 1 00 0
o1 am, 0 (a1 00 0
Ve =1q g o |V =1 0 1 —\My |’
0 0 1 0 00 1
1 0 00
0 1 00
Ve =10 0 1 o
0 MM, 0 1

Then the assignment
Ua,(A) = Va(A),  ua,(A) = Vo(A),  ta, (A) = Ve(X),
induces a group homomorphism
Ay My, M. UA(K) = SLyp (K).

Proposition 4.3.12 ([Cor25, Corollary 6.4]). Let p > 2 and k > 3 be distinct primes.
Set ¢ = p" for some r > 1. Then there exist matrices M,, My, M. € GLi(F,) such that
the map ¢ar, a1 Ua(K) — SLyy(F,) satisfies the assumptions of Definition In
particular, setting H; = ¢, v, 0. (Un\(5y), 1 € I = {a, b, c}, the complex

Xqk = CC(SLuy(Fy); (Hi)icr)

is a KMS complex of type A over F,. Letting k vary over the set of all primes k£ > 3 with
k # p, we get an infinite family of KMS complexes of type A over F,.

Proposition 4.3.13 (|Cor25|, Corollary 6.5]). Let p > 2 and k > 3 be distinct primes. Set
q = p" for some r > 1. Then there exist matrices M, My, M. € GL;(F,) such that the map
Oy My M, - UA(K) — SLyg(F,) has image Spy, (F,) and when restricted to that it satisfies
the assumptions of Deﬁnition In particular, setting H; = ¢, 01,00, (Up\fiy),7 € 1 =
{a,b,c}, the complex

! = CC(Spux(Fy): (Hi)ie)

is a KMS complexe of type A over F,. Letting k vary over the set of all primes £ > 3 with
k # p, we get an infinite family of KMS complexes of type A over F,.

The main difference of this construction compared to the congruence KMS construction
is that here we get an infinite family by keeping the field fixed and varying the size of
the matrices, while for the congruence KMS complexes we fix the size of the matrices and
vary the size of the field.

83



4. KAC-MOODY—STEINBERG GROUPS AND COMPLEXES

4.4 Spectral expansion of KMS complexes

For this section, we fix a GCM A = (A;;); jer of rank |I|= n+1 which is non-spherical but
n-spherical and a finite field K with at least 4 elements. Further, we fix a KMS complex
X = CC(G; (Hi)ier) with G a finite quotient of Ua(K) and H; = ¢(Up f;3) as usual.

Our goal is to show that X is a local spectral expander using Theorem [2.3.6, We have
already seen that X and every link of a face of dimension < n — 2 is connected. Hence it
remains to bound the second largest eigenvalue of the random walk matrices of the links
of faces of dimension n — 2, i.e. those for which the links are graphs.

Let 0 € X(n —2) of type T C I. Then |T|=n — 1 and thus I \ T = {i,j} has two
elements. From Proposition we get that

lkx (o) = CC(Uyj; (Ui, Uy)).

The idea for proving the expansion of the graphs CC(Ujj; (U, Uj)) is by considering
them as | K|-regular induced subgraphs of the spherical building of the corresponding type.
This is indeed possible since U;; is the positive unipotent subgroup in the Chevalley group
of type Ay; ;3 and using Section The corresponding spherical building is |K| + 1-
regular and its spectrum is known. Hence the following lemma gives the desired bound
on the second largest eigenvalue Ay of the random walk matrix of CC(Ujj; (U;, Uj)). The
proof of the lemma only uses basic linear algebra tools and can be found in [HS19, Lemma
5.5].

Lemma 4.4.1. Let X be a d-regular, simple graph that is an induced subgraph of a

D-regular graph Y. Then
D

A2(X) < E}\Q(Y).

Motivated by this, we investigate the spectrum of the spherical buildings corresponding
to the Chevalley groups of type Aa, Ba, G2 which cover the cases where i, j are connected
by a single, double or triple edge in the Dynkin diagram, respectively.

The eigenvalues of the Laplacian matrix A = id —M (where M is the random walk
matrix) of the spherical building of rank 2 are computed in [Gar73, Proposition 7.10].
Note that in Garlands notation we have ¢ = ¢(1) = ¢(2) = |K| (since by definition
1 +q(i) = [Py /Bl = deg(1Pg) = |K| +1). Hence we can deduce the following values
for the spectrum of the random walk matrix depending on the type.

The A, case Let K = F, and let M be the random walk matrix of the spherical
building of type As over K. Then the spectrum is

Vi V4 V4 }
= 1777_77_1
Spec( ) { q+1 q+1

and hence

M(CC(U s (U U < L1 VI L

g q+1 /g
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The By case Let K = F, and let M be the random walk matrix of the spherical
building of type By over K. Then the spectrum is

VI,V

spec(M) = {1, ,0,— )
P ( ) { q+1 qg+1

1}

and hence

No(CC(Uy: (U, Uy))) < U E V2 2

q(qg+1) q

The G, case Let K = F, and let M be the random walk matrix of the spherical
building of type G2 over K. Then the spectrum is

NETI R . T

7q+1aq+177 q+17 q+17_

spec(M) = {1

and hence

(¢+1)v3q _ /3

q(qg+1) q

Remark 4.4.2. If ¢ is prime, the bounds on A2(CC(U;;; U;, Uj)) are sharp in the Ay and
B> case. This can be seen using the concept of representation angle and the results of
[Cap+22, Proposition 7.3].

A2(CC(Ui 45 (U;, Uy))) <

We can now deduce the first high-dimensional expansion result for KMS-complexes.

Theorem 4.4.3. Let A = (A;j)i jer be GCM of rank n + 1 > 3 which is non-spherical
but n-spherical. Let K =, be a finite field of size at least 4. We define the parameter v
depending on A and K as follows:

e If the Dynkin diagram associated to A has at most single edges, we set v = %;
e if the Dynkin diagram associated to A has at most double edges, we set v = \/g ;

e if the Dynkin diagram associated to A has a triple edge, we set v = %.

If v < % then any KMS complex of type A over K is a 7/-local spectral expander, for
7/ = 17(n’yfl)'y‘

Proof. Note that if A;; = 0 for some ¢, j € I, i.e. the corresponding vertices in the Dynkin
diagram are not adjacent, then CC(U; j; (U;, Uj)) is the complete bipartite graph K, 4 since
the elements of U; and U; commute. Hence its second largest eigenvalue is 0. The result
then follows from the observations above for the other cases, together with the local-to-
global result Theorem and Corollary [4.2.10] which assures connectivity of the full

complex. O

Using the discussion above on the degree of KMS complexes, we deduce the following
corollary.
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Corollary 4.4.4. Let A and K be as in Theorem above satisfying v < % Let
X() s € N be an infinite family of KMS complexes of type A over K such that | X (%) (0)|—

oo as § — oo. Then (X (S)) seN is a family of bounded degree local spectral expanders in
the sense of Definition 2.3.1

4.5 Comparison to previous constructions

In this section, we compare the KMS complexes to the previous constructions of high-
dimensional expanders that we described in Section

Ramanujan complexes For the Ramanujan complexes, all proper links are spherical
buildings, while for the KMS complexes the links are opposite complexes in spherical
buildings. Thus, locally we consider a substructure which is still large enough to preserve
the good connectedness properties of the buildings. An advantage of our construction is
that it can be described in terms of coset complexes. There is some similarity between how
congruence subgroups are used to construct finite quotients for the Ramanujan complexes
and the congruence KMS complexes.

Kaufman-Oppenheim complexes The congruence KMS complexes of type A,, are
in some sense similar to the Kaufman-Oppenheim complexes. One difference is that the
congruence KMS complexes are over SL,,(K[t]/(f)) where f is an irreducible polynomial
and hence KJt]/(f) is a field, while Kaufman and Oppenheim consider EL,, (K[t]/(t?)).
They consider the subgroups

Ki=(ejjr(a+bt)[je{l,....n}\{i})

while for the congruence KMS complexes we take

H; = <ej,j+1<at6j> et b\ {ihe = {1 b ”>
0 else
Thus the positions of the entries of the matrices that we fill are the same, but in the KMS
case the entries are either filled with field elements or multiples of ¢ instead of polynomials
of degree < 1.

This observation does not quite generalize to the complexes in [OP22] for other types.
There, the authors quotient out by irreducible polynomials as in the congruence KMS
complex construction, but the positions of the entries of the matrices are slightly different.
O’Donnell and Pratt define, for a spherical root system ® (not of type G3) with simple
roots II = {a1,...,a,}, theset S =ITU{), a;} and consider the following subgroups of
Cheva(K][t]/(f)), for a € S,

Ko = (zgla+bt)| BeS\{a},a,be K).
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We can describe the congruence KMS complexes by setting S = ITU {—~} where ~ is the
highest root in ® (which in type A, is equal to ; a; but not in the other cases). Then
we consider the subgroups, for a € S,

0 else

H, = <x5(at€ﬁ)a,bEK,BES\{a},EBZ {1 ifﬁ:_ﬂy>.

In |OP22] it is mentioned already that also different choices for the set S are possible.
Thus the constructions are similar, but not quite the same.

The complexes from |[DLZ23| have the same local structure as the congruence KMS
complexes of type A, in the sense that the proper links are isomorphic. Furthermore, the
underlying infinite complexes have isomorphic connected components. It is however not
clear if the finite quotients are isomorphic, but they seem to be slightly different.

In both cases the vertex links are isomorphic to

1 K K 1 K 0 10 0
ccl{o 1 K|;({|lo 1 o],l0 1 K
0 0 1 00 1/ \o o 1

For the underlying infinite complex, consider o1 : SL3(K[t,t71]) — SL3(K[t,t7])
induced by the map K|[t,t~!] — K[t,t71] : t = ¢3. Further, consider ¢y : SL3(K[t,t!]) —
SL3(K[t,t1]) given by conjugation with the matrix

Then ¢ = @3 0 ¢y is an injective homomorphism of SL3(K[t,t1]) to itself that maps
the subgroups

1 a c 1 00
Hy = 0 1 b||abceK,, Hy= c¢ 1 al||abceK y,
0 0 1 bt 0 1
1 a O
Hs = 0 1 0fabcekK
bt ct 1
from the congruence KMS construction to
1 at ct? 1 0 0
K, = 0 1 bt labceK,, Ko= ct> 1 at| |abceKy,
0 0 1 bt 0 1
1 at O
K3 = 0 1 0]]abcek
bt ct? 1
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In particular, ¢ is an isomorphism from Gy = (H;,i =1,2,3) to Gxg = (K;,i = 1,2,3)
and hence also from CC(Gp; (H;)3_,) to CC(Gr; (K;i)3_,).

To summarize, we observe that the KMS complexes are not a direct generalization of
the previous constructions, but it seems that the underlying structure which implies good
expansion is the same.
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Chapter 5

Cone functions

Arguably the only known way for showing coboundary expansion is via the cone method.
The idea was first used by Gromov in |[Grol0] and was then further developed in [LMM]16;
KO21; KM19; DD24a; DD24c|.

The motivation for cone functions comes from the following result for very symmetric
graphs.

Theorem 5.0.1 ([Chu97, Theorem 7.1]). Let X be a finite connected graph such that
its automorphism group acts transitively on the edges. Let D denote its diameter, i.e.
D = max, ,¢x (o) min{length(P) | P path between u and v} and let h(X) be its Cheeger
constant. Then h(X) > 5.

The idea of cone functions is to generalize this result to higher dimensions and the
coboundary expansion.

In this chapter, we introduce cone functions, both in the case of non-abelian and
abelian coefficients and describe some technical tools for constructing cone functions.
These results have been published in |[OV25a; OV25b].

5.1 Non-abelian cone functions

Non-abelian cone functions were introduced in [DD24c|, our definition is very similar. We
follow the exposition in [OV25b].

Throughout, X is an n-dimensional simplicial complex. We again denote by X.q4(k)
the set of ordered k-dimensional simplices of X, and for a simplex {vg,...,vx} € X we
denote by (v, ...,vx) € Xora the ordered simplex.

Given two vertices u, v of X, a path from u to v is a (k+ 1)-tuple of vertices (uo; ...; ug)
where u = up and v = wy such that for every 0 < i < k — 1, (u;,uj+1) € Xora(1). The
constant k is called the length of the path. Note that we use ; to differentiate between
paths and ordered simplices. Given two paths Py = (uo;...;ug), P1 = (ug;...; um ), we define
Py o Py = (ug;...;up). Also, given a path P = (ug;...;ux), we denote P~ = (uy;...; ug).

A loop around v is a path from v to itself. We note that (v) is also considers as a loop
of length 0 and we will call it the trivial loop around v.



5. CONE FUNCTIONS

Definition 5.1.1. Fix vg to be a vertex in X. We define the following symmetric relations

between two loops P, P’ around vy, see also their visualizations in Figure

BT

e We denote P (BT) P’ if there exist vertices u,v and paths Qq, @1 from vy to u such
that P = Qoo (u;v;u)oQ; " and P’ = Qpo(u)oQ; " ((BT) stands for “backtracking”).

TR

e We denote P 5 P’ if there is a triangle (u,v,w) in X and paths Qo, @1 from vy to
u and w correspondingly such that P = Qqo (u; v; w)le_l and P’ = Qqo(u; w)le_l
((T'R) stands for “triangle”). We denote by tpp = (u,v,w) the triangle used for

the relation.
7
1 P

) uO

.
Uo/‘
V\u
~N

Figure 5.1: Visualization of D on the left and T8 on the right.

N\

Remark 5.1.2. Note that the relations above are not defined to be transitive. Indeed, in

TR
the sequel, it will be important to keep track of how many times the relation (TE) is used
to pass from one loop to another.

(BT) (TR)

Remark 5.1.3. Let P, P’ be two loops around a vertex v in X. If P P orP ~"P
then the corresponding paths in the geometric realization of X are homotopic. Conversely,
any two loops P, P’ in |X| along the edges of X around v which are homotopic can be
seen as loops in the abstract simplicial complex and we can find a sequence of loops

P=P,y,..., Py = P such that P, "2 Py or B, "< Pryy for all 0 < i < m — 1.
Definition 5.1.4. A 0-cone on X is a pair Conex = (vo, (Pu)uex(0)) such that
(i) vo € X(0).

(ii) For every u € X(0),u # vo, P, is a path from vy to u. For vy, P,, is the trivial loop
around vg.

A 1-cone on X is a triple Conex = (U[), (Pu)uEX(O)a (T(u,v))(u,v)eXord(l)) such that
(i) (vo, (Pu)uex(0)) is a O-cone on X.

(ii) For every (u,v) € Xod(1), T(u,v) is a sequence of loops around vo, T{(y,) =
(Po, P1,. .., Py) such that the following holds:
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(i) Py = P,o (u;v) o P L

(ii) For every 0 <i < m — 1, either P, TE) Piiqor P (ED) Py

(iii) P, is the trivial loop around wvy.

We refer to the fixed vertex vp as the apex of the cone. Furthermore, we call T(, ,) =
(Po, P1, ..., Py,) as above a contraction and denote the number of triangle relations in the

contraction by
. (TR)
\T(u,v)\: |{0 <i1<m-1:PF "~ i+1}\

and the set of triangles used in the construction by

Touw) = (P | Pe~ Pyt € T ).
We further define the radii of the cone as follows:
(i) Radp(Conex) = sup,ex o) length(F).
(i) Radi(Conex) = sup(y,v)exa(1)|L(uv)-

(i) Rad(Coney) = max{Rady(Coney ), Rad;(Conex)} ?f Conex %s a 1-cone.
Rady(Conex) if Coney is a 0-cone

Remark 5.1.5. The definition of |T{, ,)| in [DD24c| is slightly different than ours. Namely,

TR BT
they define another relation ~; that is composed of applying TE) once and (BT) as many

times as needed. Then they define |T| (u,v)| as how many such relations ~; are needed to

BT
bring Py to P,, such that P,, can be made trivial by only applying the relations (&2 ). But
this definition results in the same cone radius.

Remark 5.1.6. Any connected non-empty simplicial complex admits a 0-cone: pick an
arbitrary vertex vy, and by connectivity, we can find a path from any other vertex u to
vo. The converse is also true.

Similarly, any 1-connected (connected and simply connected) simplicial complex X
admits a 1-cone function. By connectedness we get a 0-cone. Then each loop P, o (u;v) o

P! is contractible in the geometric realization of X. By Remark we can realize
. . ) BT) (TR
this homotopy equivalence by a sequence of paths connected by the relations (B ), (TF ).

The converse is also true, as we will see in the following lemma.

Lemma 5.1.7. Let X be a finite n-dimensional simplicial complex with 1-cone Conex =
(’Uﬂa (Pu)uex (o) (T(“’”))(u,v)exord(l)) Then | X| is 1-connected.

Proof. Note that X is connected and hence | X| is path connected. Hence we can without
loss of generality consider a loop around vg in | X|. This loop is homotopic to a loop along

91



5. CONE FUNCTIONS

the edges of X. Let P = (vo;u1;...;un;vp) denote this loop. Then

P =(vo) o (vo; ut; - .5 um3v0) ~1y,, ) Pur © (u1iv0) © (vo3 uts . . .5 tm3 vo)
(BT) (BT) (BT) _
~ Py o(ui;...;um;vg) ~ ...~ Py o(ur;ug) oPu21 o Py, o (ug;...;uUn;vo)
T gy Pz © (U255 U o).
Here we denoted by T 1) the series of relations that are described by T(y, u,;, ,)-
Further iterating this process yields
P ~ Pum o (um’ UO) NT(um,UO) (/UO)
Thus we have shown that P is contractible and hence | X| is simply connected. O

A bound on the cone radius gives rise to a bound on the coboundary expansion via
the following proposition. Thus we can intuitively think of coboundary expansion as a
quantitative way of (higher) connectedness. This result was first shown in [DD24c, Lemma
1.6, Lemma 4.3] in a slightly more general context. We provide a proof for completeness,
adapted to our setting.

Proposition 5.1.8. Let X be a pure n-dimensional finite simplicial complex, n > 2. As-
sume that there is a 1-cone on X such that Rad(Conex) < oo and that the automorphism
group Aut(X) acts transitively on X (n). Then for every group A,

1
(";1) Rad; (Coney)

htltb(Xv A) >

We split the proof into smaller pieces.

The group G = Aut(X) acts on X simplicially. This induces an action on X4 via
g.(vo,...,vk) = (g.vo,...,g.vx) and on paths by similarly acting on each vertex of the
path. We set

gC = (g'v()? (g'ngl.u)ueX(O)a (g'T(gflu,gflv))(u,v)EXord(l)) .
Lemma 5.1.9. ¢.C' is a 1-cone with apex g.vp.

Proof. Let u € X(0), g € G and set v/ = g~ tu. Let Py = (vo;u1;...,um;u'). Then
g.Py = (g.v0; g.ui;...;g.um; g.u') is still a path (since the action of G is simplicial and
hence preserves edges) now with start g.vg and end at g.u’ = (g9~ 1).u = u.

. . BT) (TR )
Furthermore, note that the action of G preserves the relations (B ), N ). Thus ¢g.C' is

a l-cone with apex g.vg and cone radius equal to the cone radius of C. ]

For 7 € Xg,q denote by ¥ € X the unordered simplex on the same set of vertices.
Recall the we so far defined the Garland weight w on the unordered simplices of X. We
1

define the weight of an ordered simplex 7 € Xoq(k) as w(r) = mw(%). Thus we still

have that }° v  yw(r) =1for all =1 <k < n. For a set of oriented triangles from

a l-cone T, ,) we write 7:(1“,) = {7 | 7 € T(uw)} for the set containing the unoriented
versions of the triangles.

92



5.1. Non-abelian cone functions

Lemma 5.1.10. Assume that G acts transitively on X (n). For 6 € X(2) define
(o) \G| Z Z{w (u,v)) | (u,v) € Xora(1),6 € 9~7~Zg*1.u,gfl.v)}-
Then

0(5) < (”; 1) Rad, (C).

Here and below, we mean by > {w(7) | 7 € A} for some set A that we take the sum
> rcaw(7). But this notation is more convenient when the description of A is very long.

Proof. Fix a ¢ € X(2). Note that every g € G5 = Stabg () stabilizes the set {7 € X (n) |
& C 7}. Thus we get the following

U g{feXxm)|sci}=X(n)
9€G /G5

where the equality holds by transitivity of the action on X (n). Thus we get

G|
X(n)| <
X< g

Gal <6 (" 5 uwie)

(n) | C7}

and hence

where we use that 5 .
{7€X(n)|dC 7}

w0) =" X )

Note that, since the action of G is simplicial, w is G-invariant. Thus we have

0(c) = wUl|G| Z Y {w((uv)) | (u,0) € Xora(1),6 € 9. T(g1 ug1.0)}

= |G,ZZ{w (4, 0)) | (1,0) € Xora(1), 978 € Tyt a1y}

|G| ZZ{U) (u,)) | (u,v) € Xera(1),97 1.5 € '7~'u,v)}

:w(;w S w((wo){g e G lg 5 € Tum)

(u’v)exord(l)

1 ~
< q Z w((“?”))‘ﬁu,v)HGc}’

WG] &R
1 a ’G&‘ wilu, v
< i RO (Wg;ordm ((u,v))
< (”§1> Radi(C) 3 w(7)2<”§1> Rad (C). 0

TeXord(l)
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Definition 5.1.11. Let X be a pure n-dimensional, finite simplicial complex, n > 2.
Assume that G = Aut(X) acts transitively on X (n). Let I" be an arbitrary coefficient
group. Given a cochain f € C'(X,T) and a path P = (ug;...;um) we define

FP) = f((um—1,um)) .. - f((ur,u2)) - f((uo,u1)) €T

We further define that f applied to a trivial loop is f((v)) = 1. Furthermore, given a
1-cone of X, C' = Conex = (vo, (Pu)uex(0)s (T(u,v))(u,v)eXord(l)) with bounded radius and
g € G, we define the map Sy : C1(X,T) — C%(X,T) by setting Sy f(u) = f(g.P,-1,,) for
all f € CYX,T),u € X(0).

Lemma 5.1.12. Let P~ P’ If (dif)(tpp) =1 then f(P) = f(P’). Furthermore, if
P Pl then f(P) = £(P).

Proof. First of all, note that for f € CYX,T') and paths P = (ug;...;um),Q =
(Ui - - -5 Umre), We have

f(PoQ) = f((umte—1,tme)) - [ (s tms1) f((Um—1,um)) - .. f((uo, ur)) = f(Q)F(P).

We start with the case P(LiJT) P’. Thus we can write P = Qg o (u;v;u) o Qfl and
P’ = Qoo (u)oQ7". Hence for f € C'(X,T) we have, using that for cochains f((u,v)) =
F((v,w) 71,
F(P) = FQT ) f((v,w)) F((w,0)) f(Qo) = F(QT1)F(Qo) = F(P).
Next, assume PP P and hence we can write P = Qo o (w;v;w) 0 QY P/ = Qoo

(u;w) o Q7. Note that df ((u,v,w)) = f((u,v))f((w,u))f((v,w)). If df ((u,v,w)) =1
then f((u,w)) = f((v,w))f((u,v)). Together we get

F(P) = FQT ) £((v,w)) £((u,v)) f(Qo)
= FQT)f((u,w)) f(Qo) = f(P").
O

Lemma 5.1.13. Let g € G, (u,v) € Xoa(1) and g.T(y-1 4 9-10) = (Pos---; Pm). If
f(P;) = f(Pig1) for all 0 < <m —1 then f((u,v)) = (doSqf)((u,v)).

Proof. First of all, note that we have
F(uos 5 um)™h) = f((ums - u0)) =
= f((uo;. .. ;um)) L.
Using the assumption we get
1= f(Pm) = f(PO) = f(g'nglu © (u; U) 0 g'Pg_}l.U) - f(g'ngl.v)_lf«uv'U))f(g'nglu)
— f(g'Pg—l.v)f(g'Pg—lu)il = f((u,v))

f((ur,u0)) f((uz,u1)) - oo f((ms um—1))
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5.1. Non-abelian cone functions

Thus

(doSg.f)((u,v)) = Sgf (V)Sef (W)™ = f(g-Py1.)f(9:Py-1.0) " = f((u,0)).
O

Proof of Proposition By Lemmas 5.1.12| and [5.1.13| we have that if d; f(g.t) = 1 for
all t € T(g-1.4,g-1.0) then f((u,v)) = doSyf((u,v)). Thus

dist(f,doSyf) = > {w((w,v)) | (u,v) € Xora(1) : f((u,v)) # (doSyf)((u,v))}
<Y {w((w,v)) | (u,0) € Xora(1) 0 3t € T(g-1.ug-1.) : df (g:t) # 1}
=Y {w((u,0)) | (u,v) € Xora(1) : 9. T(g~1.u,g-1.0) N supp(df) # 0}.
Finally, we bound
[difl

Rl (X, A
o )= feCl(XA)\Bl(XA) minge g1 (x,a) dist(f, )

Fix f € C'(X,TI'). Observe that mingep1(x,a) dist(f,¥) < dist(f,doSyf) for all g € G.
Averaging over all g € G we get

%g}}gz N dist(f, 1 ‘ a Zdlst f,doSyf)
’ geG
|G| Z Z{w u, U u U) € Xord(l) : g-lfzg—l.u,g—l.v) N Supp(df) 7é ®}

geG

= |61:| Z Z Z{w((u,v)) | (u,v) € Xora(1) : 0 € g-ﬁg—l.u,g—l,v)}

gesupp(df) gEG

S S o) 00 € X120

Gesupp(df )

= ) w)()

Fesupp(df)

( > )w@) ("3 ") reasc) = ar ("} V) mas(c.

Gesupp(df

IN

Thus, we get as needed

[1df | 1
> .
minyepi(xa) dist(f,%) ~ ("3') Radi(O)

Remark 5.1.14. We can get a similar result as above if G acts transitively on X (k) for
some 2 < k < n. In that case, we can either consider the Garland weights with respect to
the k-skeleton, then we are back in the situation above. If we want to keep considering the
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Garland weights taking the n-dimensional faces into account, we can adjust the procedure

as follows. Let d = max ¢x(y)|[{c € X(n) | 7 C o}|. Note that in the setting of infinite

families of HDX this will always be uniformly bounded. We then have to adapt the proof

as follows. We have |G5|< ]G|(k§1)w(6)d and thus 6(5) < (k;“l) Rad;(C)d and hence
1

1
") 2 G 0

5.2 Abelian cone functions

We have so far developed a tool for showing 1-coboundary expansion for any coefficient
group. We now want to extend this theory to show coboundary expansion for higher
dimensions, now of course with respect to an abelian group as coefficients.

We fix a finite, n-dimensional simplicial complex X and an abelian group A. Recall

that for every oriented simplex o € ?(kz), a € A we defined the chain al, = Zre?(k) trT

such that t, = a,t_, = —a and t; = 0 in all other cases. Then every element in Cy (X, A)
can be written as a sum of al,’s.

Definition 5.2.1. Let X be a finite simplicial complex. Let & € N U {0,—1} be a
constant, A an abelian group and v be a vertex of X. A (k, A)-cone function with apex
v is a collection of functions Cone’y : Cj(X,A) = Cj11(X,A) for —1 < j < k that fulfills
the following conditions:

(i) For every a € A, Coney'(aly) = alp,.
(ii) For every —1 < j <k, Coneg( is & homomorphism of Z-modules.
(iii) For every 0 < j <k and every A € C;(X,A),

Oj+1 Coneg((A) + Cone&_l(&jA) = A.

We will write Conex : @;?:71 Cij(X,A) — @fié Cj(X,A) combining all the Coneg(.
Sometimes, for shorter notation, we will follow the convention of Wild in [Wil22] and

. ) Vi
write S for Conery.

Remark 5.2.2. Below, we will refer to
0j+1 Conex (A) 4+ Conex (0;4) = A

as the cone equation. It imposes that Coney is a chain homotopy between the identity
and the zero-map on C;(X,A),—1 < j < k. Intuitively, is makes sense to consider this,
since a topological space is contractible if and only if there is a homotopy between the
identity map on the space and a map that is constantly one point of the space.

Lemma 5.2.3. Let (vo, (Pu)uex(0)s (T(u,0)) (uw)eXoma(1)) D€ @ 1-cone in the sense of Defi-
nition Then it gives rise to a (1, A)-cone function for every abelian group A. This
also holds for both types of 0-cone functions.
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5.2. Abelian cone functions

Proof. Let (vo, (Pu)uex(0)s (T(uw)) (uv)eXoa(1)) be a 1-cone and A an abelian group. For
each a € A, we define the map 1), from the set of all paths in X to Cy(X,A) as

)_l

m—

Ya ((an"'v Z a]l [ws,uip1]

=0
First of all, note that 1, (P o Q) = 1a(P) + 14 (Q).
Claim 1: 1€ 27 P then 1 Yo (P) = ta(P').

BT
To show the claim, assume P (BT) P’ are loops around vy in X. Thus we can write
P =Qpo (u;v;u)o Qfl, P'=Qqo(u)o Qfl. Hence we have

$a(P) = %(Qo) + va((u;v;u) + ¢a(Q1 1))
= ¥a(Qo) + alp, ) + alp, ) + Ya(Q7)
= ¥a(Qo) + aljyy — alpy + ¥a(Q71)
= $a(Q0) + Ya(Q7 ") = Yal(P").

Claim 2: If P P/ via triangle (u, v, w) then 1 (P) = 1o (P’) 4+ 0aljy )

Since P(Tj) P’ we can write P = Qg o (u;v;w) o QII,P’ = Qoo (u;w) o QII. Thus
Ga(P) = $a(P") = hal(03 1)) — thal(: ) = @l ) + ) — L) = D0l
Now to define the (1, A)-cone function, we set
S_1(alp) = aljy,
So(alp,)) = 0; So(aly)) = Ya(Pu)
Si(alp) = > al

tGTu w)

R
where 7, is the set of triangles used for 5 in the contraction T, . We check the

cone equation, first for w € X (0),w # vo, Py = (wo, . .., wn,) with wy = v and wy,, = w.
m—1

85’0((1]1[10}) + S,l(&z]l[w}) =0 (Z aﬂ[’wiﬂﬂiJrl]) +alpy = alpy) —alp +alp) = alp,.
i=0

Now; for [u,w] € ?(1) we have

8Sl(aﬂ[uw]) +SO(6a]]-[uw] Z aa]lt"'qyba( w) _wa(Pu)
tE'T(u w)
= —1hg(Py o (w;w) o Py t) + Z dals + alfy
€T (u,w)
Y pa((vo)) + alpy ) = alj, )

where the equality (%) holds by iteratively applying Claim 1 and 2 on the contraction
Ttuw)- -
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The following result shows how the existence of a cone function is connected to the
vanishing of homology. A dual version of this is shown in [Wil22].

Lemma 5.2.4. Let X be a finite, n-dimensional simplicial complex. If there exists a
(k, A)-cone function of X then H;(X,A) =0 forall 0 <j <k.

If A is a commutative unital ring then the converse is also true.

Proof. We start by assuming that we have a (k, A)-cone function S. Let ¢ € C;(X,A),0 <
i < k such that dc = 0. Then ¢ = 9S;(c) + S;—1(9c) = 0S;i(c) and hence ¢ € Im(9;11).
Thus Z;(X,A) = B;(X,A) and hence H;(X,A) =0.

For the other direction, assume that A is a commutative unital ring and that
H;(X,A) = 0 for all 0 < j < k. We construct a cone function from here. Fix an
arbitrary vertex vy € X. We set

S_l(]l@> = ]l[vo] and So(ﬂ[vo}) =0.

Let w € X(0), w # vo. We want to define Sp(1,)) such that it satisfies the cone equation,
ie. Ty = 0S0(1py)) +S-1(91,)). This yields the condition 9.Sp(1(,)) = Ly — L) Next,
observe that 9(1,) — L)) = 1p — 1p = 0 and hence 1y, — 1p,,) € ker(dp) = Im(dh),
where the equality holds since Hy(X,A) = 0. Thus we can find ¢ € C1(X,A) such that
Oc = ﬂ[w] — ﬂ[vo] and we set So(]l[w]) =c.

We proceed inductively. Assume we have defined S; for j < i. Let o € Y(z +1).
We want to define S;11(1,). To satisfy the cone equation, we need to fullfil 9S;;1(1,) =
1, —S5;(01,). Now O(1, — S;(01y)) = 01, —0S;(01y) = Si—1(0(01y)) = 0 using the cone
equation for S;. Thus we can find an element ¢ € Cj12(X, A) such that dc = 1, — S;(01,)
and we set Si+1(1,) = c.

Thus extending the S; A-linearly, they define a (k, A)-cone function.

O

By the above lemma, we can see that the existence of cone functions for a simplicial
complex imply higher dimensional connectivity. We want to quantify this by, similar to the
non-abelian case, measure the radius of a cone. Recall that for a chain A = 2067 ) lo0 €

Cr(X,A) we define supp(A) = {{vo,...,vp} € X(k) | o, vk] 7 0}.
Definition 5.2.5. Let X be an n-dimensional simplicial complex and —1 < k < n — 1.
Given a (k,A)-cone function Conex, we define for every —1 < j < k, the j-th radius of

Conex to be

Rad;(Conex) = max |supp(Conex(aly))|.
ceX (j),a€A

We furthermore set

Rad;(Conex).

Rad(Conex) = max
1<j<k

And we define the (k, A) cone radius of X to be
Radg (X, A) = min{Rady(Conex) : Coneyx is a (k,A)-cone function}.
If no (k, A)-cone function of X exists, we define Rady(X,A) = oco.
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Remark 5.2.6. Note that in the case where n = 0 and X is just a non-empty set of
vertices, it holds by definition that Rad_; (X, A) = 1.

The work of Gromov [Grol0] and subsequent works [KO21; KM19] showed that for
symmetric simplicial complexes, a bound on the cone radius gives rise to a bound on the
coboundary expansion. In [KO21] the following was proven for A = Fy. The proof almost
directly generalizes to arbitrary A, we give it in detail for completeness. It is also similar
to the proof of Proposition [5.1.8

Theorem 5.2.7. Let n > 1, R > 0 be constants and A a finitely generated abelian group.
For every finite pure n-dimensional simplicial complex X, if

e the group Aut(X) acts transitively on X (n),
and
e for some 0 < k <n — 1 it holds that Radg(X,A) <R,

then h* (X, A) > —L <.
@A) 2 70

Similar to the non-abelian case, we split the proof into a few steps.

Lemma 5.2.8. Let G act on X simplicially. Then this induces an action of G on C;(X, A).
Let Conex be a (k, A)-cone of X with apex v. Then for every g € G we define p(g). Conex

as
p(9). Coneg( :CH(X,A) = Cja(X,A) : A g. Conej)‘((g_l.A).

This defines an action of G on the set of all (k,A)-cone functions of X, in particular
p(g). Coney is again a (k,A)-cone function. Furthermore, the action of G preserves the
cone radius.

Proof. The action of G on X is given by an action of G on X (0) which preserves the struc-
ture of X. This also induces an action on X by defining g.[vo, ..., vx] = [g-vo, ..., g.Vk]
for any [vg,...,vx] € Y(k) We set g.(al,) = aly, for al, € Cj(X,A) and we extend
this linearly to get an action of G on C;(X,A). We further note that

k
89'(aﬂ[v0,...,vk}) = aal[g.v07...,g,vk] = Z(_1)Zaﬂ[g.vo,,..,g.vifl,g.vprl7...,g.vk] = g-(aaﬂ[vo,...,vk])'
=0
Extending linearly, we get 0g.A = g.(0A) for every A € C(X,A).
For easier notation, we denote Coney = S and p(g). Conex = S9. First of all, note
that
S9: Cj(X,A) = Cja(X,A) : A g.S(g " A)

is a homomorphism of Z-modules, since we defined the action of G on ?(]) and then
extended A-linearly to get an action on Cj;(X,A). Furthermore, note that S7,(aly) =
g-S-1(alg-1p) = g.(alp)) = aly,). The fact that S9 satisfies the cone equation follows
from the fact that g.0A = dg.A and that S satisfies it. O
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Lemma 5.2.9. Assume that G acts transitively on X (n). Let S = Conex be a (k, A)-cone
function of X. For o € X(k + 1) define

0(0) ,G| > Ytutn)| e X (k). 0 € supp(p(9)-Sx(7)}.

Then

(o) < <’;j 1) Rady(S).

Proof. Fix a 0 € X(k + 1). Similar to the non-abelian case, we have for G, = Stabg(0)

that
n+1
Gl < 161(; Ty )uto

this time using that
{r e X(n)[o T}

+1
(o) 1 X ()]
Note that, since the action by G is simplicial, w is G-invariant. Thus we have

0(c) = le]G\ Z Z{w(T) | 7€ ?(k),a € supp(g.Sk(g~ 7))}

w(o) =

\Gy > Yty e R (k)90 € supp(Sp(g~'.7))}

= W D> fw(n)|re X (k), g .0 € supp(Sk ()}
geG

= oG Y w(r){g € G|g "o € supp(Si(r))}
reX (k)

<o X wn)upp(Si(r) G

O
Definition/Lemma 5.2.10. Let A be a finitely generated abelian group, and let X be a
simplicial complex. For a cochain f € C7(X,A) and a chain A = Zre?(]’) A1 e Cj(X,A)
we define
FA)= > Af(n)
reX(j)
Then f(A) is a well defined element in A.
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Proof. Here, we need the assumption that A is finitely generated abelian. Then, by the
structure theorem, A has a unital ring structure, hence the multiplication A, f(7) is well
defined. O

Definition 5.2.11. Let S be a (k, A)-cone of X with apex v. Then we define its co-cone
T as a family of maps

Tj: C7PY(X,A) — CI(X,A),-1<j<k
given by setting for f € CVT1(X,A), A € C;(X,A)
T f(A) = f(S;(A)).

Remark 5.2.12. Note that if S is a (1, A)-cone constructed from a non-abelian 1-cone as
in Lemma then T in the above definition is the abelian version of what was called
S1 in Definition [5.1.11

Lemma 5.2.13. Let S and T be as above. Then for —1 < j < k, f € C7(X,A) we have
Tj(dif) + djaTjrf = f.
Proof. Let A € Cj(X,A), then

*

Ty(d; 1)(A) = d;(S;(A) £ 1(85,(4)) = F(A - 51(04))
= [(A) = £(5;-1(04)) = f(A) = Tj-1f(0A)

2 F(4) — dja Ty f(A).

~

The equalities marked with (*) hold by the duality of homology and cohomology: it can
be seen directly from the definitions that df(A) = f(0A). O

Proof of Theorem[5.2.7} By Lemma [5.2.13] we know that

—bl|= T;(d;
begkuﬁl(A)Hf |= beéilln | T5(d;f) — b

Unfortunately, it is not enough to use only one cone function, we have to use that the action
of G, together with a (k,A)-cone S gives rise to a family of (k, A)-cones p(g).S,g9 € G.
For simplicity, we denote p(g).S = S9 and the corresponding co-cone 79. Then we have

i —b||l= ng ) —b||< ng
be};}gzg{,A)Hf | béggm 175 (ds f) — bll< 175 (ds f)]
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(since the constant zero cochain is in B¥(X,A)) and in particular we can average over all
g € G and obtain

TY(d;
i S - ||_||Z|| Dl

geG

|<;| = S S wl?) | € supp(TY(d; )}

gelG
=SS wlr) | e XGi) dyf(S9(r) # 0}
IGI
gelG
|G| Z Z{w )| T € Y ), supp(d; f) Nsupp(S9(7)) # 0}
gelG

:’é' SN S i )| 7€ X(j),n € supp(S9(r))}

nesupp(d; f) g€G

= > wmnbm)
nesupp(d; f)
n+1 n+1
<(10))raas) X win= (07 ) Ra)larl ©
nesupp(d; f)

We will show that a bound on the cone radii of Z-cones bounds the cone radii for every
finitely generated abelian group. This result is probably well known to experts, but we
could not find a reference for it, so we include a sketch of the proof here.

Proposition 5.2.14. Let X be an n-dimensional simplicial complex and —1 < k <n—1.
For every finitely generated abelian group A, it holds that Radg (X, A) < Radg(X,Z).

Proof. If (k,Z)-cone functions of X do not exist, then Rady(X,Z) = oo and the inequality
holds trivially. Assume that there exists a (k,Z)-cone function.
By the fundamental theorem of finitely generated abelian groups, there are prime

powers qi,...,q and an integer m € NU {0} such that A = (@221 Z/(q]Z)) S Z™. We
will denote the elements of A as m + [ tuples (a1,...,a;,a;41,-..,0;1m), where for every

1<j<l,a; € Z/(¢;Z) and aj41,. .., a+m € Z. We note that for every —1 < i < n,
!
Ci(X,8) = | D Ci(X,2/(9;2)) | @ Ci(X, Z)"

Explicitly, for every o € ?(z) and every (a1, ..., a4+m) € A, we identify (a1, ..., a4+m)1ls €
Ci(X, A) with @7 a1, € (Bl Ci(X.Z/(4/Z))) & Ci X, Z)™

For 1 < j <, let p; : Z — Z/(qjZ) be the quotient map. For every —1 < i < n,
@; extends to a surjective homomorphism ¢; : Ci(X,Z) — C;(X,Z/(q;Z)) (this is a
homomorphism of Z-modules).
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5.2. Abelian cone functions

Let Conex = S be a (k,Z)-cone function. For every 1 < j <1, —1 < i < k we define
the function ‘
S9: Ci(X: 2/ (q5Z)) — Ciar (X: 2/ (g42)

as follows: 4
S (p;(A)) = ¢;(Si(A)),¥ — 1 < i < k,VA € Ci(X; Z).
We note that Si(j) is well-defined: Let A, A" € C;(X;Z) with ¢;(A) = ¢;(A"). Then
A — A" € Ker(p;), which implies that there is A” € C;(X;Z) such that A — A" = ¢;A".
Thus

SD(;(A)) = S9(0;(A) = 9 (Si(A)) — ¢ (Si(A)))
=i (Si(A = A) = ¢;(Si(¢;A")) = i (g;S:(A")) = 0z/(¢,2)

and it follows that SZ-(j)(gpj(A)) = Si(j)(cpj(A’)). Also, by the fact that ¢; is surjective on
every C;(X,Z/(q;Z)) it follows that Sl-(j) is defined on every A € C;(X;Z/(q;Z)).

The cone equation for S follows from the fact that ¢;(9A) = 9¢;(A) by linearity,
and the fact that S satisfies the cone equation. Thus ) = @F S(j) is a (k,Z/q;Z)-cone

function. Note that for every ¢, every o € ?( ) and every a € Z/(q;Z) it holds that
supp(s;” (a15)) € supp(Si(Lo)).

For every [ +1 < j < m 4 [, we denote by SU) a copy of S (which is a (k,Z)-cone
function). For every —1 < i < k and every

l+m

l
P4, e @ (X,Z/(q;2)) | ® Ci(X,Z)™

we define
l+m l+m
@) - Py
7j=1
yielding a family of functions S : C;(X,A) — Ci11(X, A).

We conclude the proof by observing that S* = @?:—1 S& is a (k,A)-cone function

such that for every (a1,...,a;4m) € A, every —1 < i < k and every o € ?(z), it holds
that
supp(S*((ay, ..., a14m)1s)) C supp(S(1y)).
Since Conex = S was an arbitrary (k,Z)-cone function, it follows that Rad(X,A) <
Rady(X,Z).
O

In light of this proposition, in what follows, we will be interested in constructing Z-cone
functions with bounded radius.
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5. CONE FUNCTIONS

Observation 5.2.15. We observe that for every j, Cj(X;Z) is a free Z-module and thus
the condition in the definition of the cone function that

Coneg( 1 C5(X5Z) = Cia (X5 2)

is a homomorphism is equivalent to the condition that this map is a Z-linear map of
Z-modules.
By this linearity, the cone equation is equivalent to the condition:

0j+1 Conex (1,) + Conex (0;1,) = 1,,Vo € }(3)

In other words, in order to verify that a linear function is a cone function, it is enough to
check the cone equation on 1, for every oriented simplex o.

Moreover, when one defines a cone function, it is enough to define it as a linear function
that fulfills the cone equation on 1, for ¢ in a subset of oriented simplices that contain at
least one orientation for every simplex.

Combining Theorem with Proposition yields the following:

Corollary 5.2.16. Let n > 1, R > 0 be constants. For every finite pure n-dimensional
simplicial complex X, if

e the group Aut(X) acts transitively on X (n)
and
e for 0 <k <n—1it holds that Rady(X,Z) <R

then for every finitely generate abelian group A we have

1
hi (X, A) > — Ty
R(; )

5.3 Cone functions for joins

The goal of this section is to show how to construct a cone function for the join of two
simplicial complexes given that the underlying complexes admit a cone function.

We denote by U the disjoint union of sets. Given two simplicial complexes Y7 and Y5
with vertex sets V(Y1) and V(Y2), the join of Y7 and Y3, denoted Y7 * Y3, is the simplicial
complex with the vertex set V(Y7)UV (Y2) and simplices o U7 for every o € Y7 and 7 € Y5.
We note that Y7 * Y5 includes all the simplices of the form 7 = § U7 and o = o U for
every o € Y1 and 7 € Ys.

In particular, the join of a complex Y with a single vertex v is called a cone, see
Figure [5.2

We again begin by studying the non-abelian case.
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5.3. Cone functions for joins

Figure 5.2: This shows an example of a join Y * {y}, where complex Y is depicted in blue,
y in green.

Non-abelian setting We start by considering the join of a non-empty complex with
a single vertex.

Proposition 5.3.1. Let Y be a non-empty simplicial complex and {w} a complex with
only one vertex w. Then there exists a 1-cone function Cone,,y with Rad(Coney,,y) <
1.

Proof. Set X = {w} =Y. First, assume that dimY > 1. We note that for every (u,v) €
Yora(1) it holds that (w,u,v) € Xopa(2) and thus denoting by (w) the trivial loop around

w we have
(ws s 03 0) W (w; 050) X (w).

Hence, we define a function Conegyy.y = (v0, (Pu)uex (0)s (T(uw)) (up)eXoma(1)) as follows:
® V) = w.
e For every u € X(0), P, = (w;u).
e For every (u,v) € Xopa(1), Tuw = (Po = Pyo (u;v) o Py P = (wv;w), Py = (w)).

It follows that Rad(Coney,.y) = 1 as needed.
If dimY = 0 then dim X = 1. But we can still define a 1-cone function of radius 1:
The vy and P, are defined as before. The only edges in X.q(1) are of the form (w,w) (or

(u,w)) with u € Y/(0). Thus T\, consists of Py = (w) o (w;u) o (u; w) el P, = (w) (and
(BT)

~(w)). O
Remark 5.3.2. We note that in the above construction, the cone radius is still < 1, even

if Y has no edges or if Y is disconnected. If Y is empty, we can still say that {w} * () has
a 0-cone function, since it will be a connected graph consisting of one single vertex.

T(u,w) of Py = (w; u) ° (u; ’LU) o (w)

Lemma 5.3.3. Let Y7, Y5 be non-empty, finite simplicial complexes. Then Y7 * Y5 admits
a 0-cone function with Rady(Coney,.y,) < 2.
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5. CONE FUNCTIONS

Proof. We have that the 1-skeleton of Y7 * Y5 contains the complete bipartite graph on
Y1(0) U Y5(0) as a subgraph. In particular, every two vertices are connected by a path of
length at most 2. O

Proposition 5.3.4. Let Y7 be an n-dimension simplicial complex, n > 1, with 0-cone
function Coney, = (v}, (PJ)uEYl(O))' Let Y3 be a non-empty, finite simplicial complex.
Then Y7 * Y5 admits a 1-cone function Coney, .y, with Rado(Coney,.y,) = Radg(Coney, )
and Rad;(Coney;.y,) < 2Rady(Coney;, ) + 1.

Proof. We want to define a 1-cone function (vg, (P, )ueyl( 0)LIY2(0) , (T, (u v))( V)E(Yi#Y2), 1))
for Y1 * Y. First, note that (Y7 *Y2),,4(1) = Yiga(1) U Yaoq(1) U {(u, v) | uw e Y,ve

Y, {i,j} ={1,2}}.
e We set vy = vg.
e For u € Y7(0), we set P, = P}

e For u € Y5(0), we set P, = (vo;u). (Note that this is well defined since vy € Y7 is
connected by an edge to any vertex of Y3.)

e For (u,v) € Yaga(1), we set T(y ) = (Po = (vo;u;v5v0), P = (vo;v;v0), P2 = (v0))

with 2, "2 P, and P, 20 p,.

e Fix u € Y1(0),v € Y2(0) and let P, = (vo;u1;...;un;u). Then we define T(, ) as
follows, see also Figure [5.3]

Py = (vosut; ... 5up) o (up;u) o (u;v) o (v;v0)
Yrr) With triangle (up,u,v)
Py = (vo;uz;. .. ;up) o (up;v) o (v;v0)

(TR)

(TR)
P = (vo; u1)o(u1;v) o (v; vo)
Yrr) With triangle (vo, u1, )
(vo; v)o(v;vp)
UBT)

(vo)
Observe that |T{, )| = length(P,).

e Lastly, fix (u,v) € Yi4q(1) and denote the paths from vy to w and v by P, =
(vo;u1; .. ;unsu), Py = (v0;v1;. .. ;Up;v), respectively. Then we define T, . as fol-
lows, similar to the above case, but now doing the contractions on “both sides” of
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5.3. Cone functions for joins

Figure 5.3: Visualization of the paths in T{, ) for u € ¥1(0),v € ¥2(0).

the path. We need to fix an arbitrary vertex x € Y3(0). See also Figure
Py = (vosut; - .. ;unsu) o (usv) o (V30n3. .. ;013 00)
Yrr) With triangle (u,z,v)
P = (vo;u1;- .3 un) © (un; u; ) 0 (250;0p) © (Vps - 5 V13 00)
(rr) With triangle (up,u, ) and (z,v,v,)

Py = (vo;ug;...;up) o (un; ) o (z50,) 0 (Up; .. .5 00)

(03 s )03 v1; o)
(rr) With triangle (vo,u1,z) and (z,v1,v0)
(vo; z)o(x;v0)
(BT)

(vo)

Observe that the paths P,, P, don’t necessary have to be of the same length. In that

Figure 5.4: Visualization of the paths in T, ,) for (u,v) € Y145:q(1) (for an example with
length(P,) = 2,length(P,) = 3).

case, the induction on one side halts earlier then on the other side. Counting the total
number of (T'R) operations made, we have |1{, .| = length(P,) + length(P,) + 1.

O
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5. CONE FUNCTIONS

Proposition 5.3.5. Let Y7, Y5 be finite, non-empty, simplicial complexes. Assume that
there is a 1-cone function Coney, with finite cone radius. Then there is a 1-cone function
Coney; 4y, such that,

Radg(Coney, +y,) = Rado(Coney, )
Rad; (Coney; +y,) = max{Rady(Cone Y7), Rad;(Coney; ), 1}.

Proof. Recall that (Y7 % Y2)(0) = Y1(0) U Y2(0) and that any simplex of either Y; can be
seen as a simplex in the join as well. In particular,

(YI * }/Q)Ord<1) = Ylord(l) U Y20rd(1> U {(U,U) ‘ (IS 3/1(0)77} € )/}(0)7Z7] € {172}7i 7é ]}

Let Coney, = (v§, (P&)uGYl(O)a (T(lu u))(u,v)GYmd(l))' We will define a cone function for the

join Coneyl*y2 = (UQ, (Pu)uEYl*Yz(O)’ (T(“v”))(“:”)E(Yl*YZ)ord(:l)) as follows.

e We set vg = vé.

For u € Y1(0), set P, = P.

For v € Y5(0), set P, = (vo;v).

e For (U,U) S Hord(l% set T(U:U) = Tl

(u,v)°
e For (u,v) € Yauq(1), set T(y) = (Po = (vo;u) o (u;v) o (v;vg), P = (vo;v) o
(U;UQ), Py, = (1)0)). Note that Py (7:\1/%) P, and P; (iT) Ps.

Lastly, we define the most involved case, where u € Y7(0),v € Y5(0). We
have Py = P, o (u;v) o (v;vg). We give names to the vertices in P,: P, =
(vo; uy;ug;...;up;u). Note that each w; is also connected to v by an edge. Next

TR
we define P; = (vo;u1;...;up) o (up;v) o (v;vg) and observe that PO(N)Pl via
the triangle (uy,u,v). We continue this process iteratively, see also Figure
TR
P, = (vo;u1;...;up—it+1) © (Un—it1;v) o (v;vg), hence P;_q (N)B via the triangle
(Up—it1,Un—it2,v) for i =1,...,n. Then P, = (vo;u1;v;v9), and we finish the con-
TR BT
traction via P41 = (vo;v;v0), Pot2a = (vo) with P, (T8 w1 and Py (BT) P yo.
In particular, we have used (T'R) once for every edge in P,, hence [T(,.)| =
length(P,).

The definition of T{, , is analogous, just with reversed direction of the paths.
O

To avoid having to make case distinctions between cone functions for 1-dimensional
complexes and complexes with dimension > 2, we introduce the following notation.

Definition 5.3.6. Let X be a finite simplicial complex. We say that X has a non-abelian
cone function (NAC) if
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5.3. Cone functions for joins

Figure 5.5: Visualization of the paths in T{, ) for u € ¥1(0),v € Y5(0).

o X #0),

e if dim X = 1 there exists a 0-cone function for X,

e if dim X > 2 there exists a 1-cone function for X.
Furthermore, we define the cone radius of X, denoted Rad(X) as

e if dim X =0, X # () then Rad(X) =1,

e if dim X =1 and X has a NAC then

Rad(X) = min{Rad(Coney) | Conex a 0-cone function of X},

e if dim X > 2 and X has a NAC then

Rad(X) = min{Rad(Coney) | Conex a l-cone function of X},

e if X does not admit a NAC, we set Rad(X) = oo.

With this notation, we can summarize the results of this chapter. By summarizing the
different cases, we loose some sharpness of the bounds on the cone radius.

Corollary 5.3.7. Let X,Y be two finite simplicial complexes. If both X and Y have a
NAC then X Y has a NAC and Rad(X *Y) < 2min{Rad(X),Rad(Y)} + 1.

Proof. If dim X = dimY = 0 then dimX *xY = 1 and it has a O-cone function by
Lemma [5.3.3] If dim X = 1 then the assumption implies that X has a 0-cone function.
Thus Proposition gives the desired result. If dim X > 2, then by assumption there
exists a 1-cone function for X. Hence Proposition [5.3.5| gives the desired result. Using the
same argument for Y, we can in total use the minium of the two radii. O
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Abelian setting Our goal is to obtain similar results for cone functions of joins as
in the non-abelian setting. We will here only consider cones with coefficients in Z, as
suggested by Proposition [5.2.14

We start by establishing the necessary technical tools.

Definition 5.3.8. Let X be a simplicial complex, ¢ = {vg,...,vx} € X and 7 =
{ug,...,up} € lkx(o),ie. TNdG=0,7U6 € X. Let 0 = [vg,..., 0], 7 = [ug,...,ug-
Then we define

[U,T] = [’Uo,...,’Uk,U(),...,’u,g] € Xord(k-i-l-i-l)

and
[]10’7 HT] - H[O’,T]'

Lemma 5.3.9. Let X =Y] %Y, 0 € Yigq(k) and 7 € Ya,,q(¢), then [o, 7] is always well
defined in Y7 % Y5. Furthermore, we have

Il,,1,] = [01,,1,] + (—1)*"[1,,01,].

We extend the [-, -] operation bilinearly to chains A € Cy(Y1,Z), B € Cy(Y2,7Z), i.e. for
A= ZZ )‘i:ﬂ-aiv B = Z] //Jj:ﬂ.q-j we have

[Aa B] = Z )\i:UJj[]lcria ]]‘Tj]'
2%
The linearity of @ then implies

O[A, B] = [0A, B] + (—1)*"1[A,0B].

Proof. First of all, note that if o € Y1, 7 € Y3, then we always have 7 € lky,.y,(0) and
o€ lkyl*YQ (7’)

Let o = [vo,...,vx), T = [uo, ..., us]. Then
a[]lm ]lT] = a]l[vo,.l.,vk,uo,l..,ug]
k y4
, Kl
= (_1)Z]1[U07~--»U7;71:Ui+1v~~~7vk:u07~--»ud + Z(_l) * H]l[vo,nqvk,uo,m,uifl,U¢+17~~-,Ud
=0 1=0

= [01y, 1] + (—1)**[1,,01,].

Also note that supp([4, B]) = supp(A) x supp(B).
We can now bound the cone radius of the join of a complex with a single vertex.

Proposition 5.3.10. Let Y be a non-empty finite simplicial complex and {v} be a com-
plex with only one vertex v. Then for every & € N U {0}, there is a k-cone function
Coney,y,y such that Rad(Coneg,),y) < 1.

Proof. Fix k € NU {0} and define a function Coney,y,y as follows:
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5.3. Cone functions for joins

o Coneg,y,y(0) = 1y
e For every 0 < j < k and every [v,...,v;] € 7(]’),
Cone vy (Lvg,....05)) = (L) Livo,eovj]] = Lposvo,vs]-
e For every 0 < j < k and every {vy,...,v;} €Y,
Conegyyay (L vy, 05) = 0

We then extend the function Coney,},y Z-linearly.
We check that the cone equation holds for the above function. In the case of
[vo, ..., V5] € 7(]) this is due to Lemmam For {v1,...,vj} € Y, we note that

9j+1 Conepyyay (Ljo,vy,..0;)) + Coneryay (95 Ly u,...0;])
=0+ Conegyyay (Ljpy,....0;) — Conegyyuy (L], 9j—11pyy,...050])
=0+ Ly py,0] T 0= Ly, 05
as needed. Thus, by Observation the above function is a k-cone function and per
definition Rad(Coneg,,y) < 1. O

Remark 5.3.11. We note that in the above construction, the cone function is well-defined
for every k, i.e., it is well-defined even in the cases where k£ > dim({v} *Y").

The following proposition is a reformulation of [Wil22, Lemma 6.15]. We provide a
proof that is adapted to our setting.

Proposition 5.3.12. Let Y7, Y5 be finite simplicial complexes of dimension nq, ng corre-
spondingly. Assume that for ¢ = 1,2 there is an n;-cone function Coney;, and constants

Rgi) € N, -1 < j < n;—1 such that Rad;(Coney,) < Rg-i). Then there is an (nq 4+ nz)-cone
function Coney; «y, such that

e for every —1 < j < ny

1)
Rad;(Cone < max R(-
]( Y1*Y2) L e ) s

e for every n; < j <mnj+ns

Rad;(Coney, .y,) < max{ max RW ((nq + l)RSl)_l + 1)R§-2_)n1_1}.

—1<i<m—1 I
Proof. Let v be the apex of Coney;,. Define

CODGYMY2 (]l@) = ]l[v] .
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Let —1 < j1 < ny and —1 < jy < ng such that 0 < j; + jo +1 < ny + ng. For

o; € Y(gz),z = 1,2, we define

[Coney, (1, ), 14,] dim(op) < ng

C Vs Loy ,00]) =
oney;1s (Lo, 001) {(—1)”1+1[ﬂ01—Coneyl((?m]lgl),Coney2(]102)] dim(o1) =

and extend it linearly.
We will check that the cone equation is fulfilled. We note that by Lemma and
linearity of the cone function,

ConeY1*Y2 (8j1+j2+1]l[01,02}) = ConerkYz([ajl Loy, ]102}) + (_1)j1+1 ConeY1*Y2([]10178j2 ]102])'
Thus in case dim(o1) < ny we have
Coneyl*yz (aj1+j2+1ﬂ[cr1,02}) = [ConeY1 (a]i IL01)7 IL(72] + (—1)j1+1[Coney1( ) a]z IL(72]

and in case dim(o1) = n; we have dim do; < np thus applying the definition of the cone
function we get

COneY1 *Y3 (aj1+j2+1 1 [o1,02] )
= [CODGYl (an1 101)’ IL02] + (_1)n1+1(_1)n1+1 [101 - Coney1 (am 101)’ COHeYz (8]'2102)]

cone equ. Y;
= [Coney, (On, 16, ), Lo,] + [14, — Coney, (On, 14,), Coney, (0), 14, )] « !

= [Coney, (On, 1o, ), 1s,] + [8n1+1 Coney; (14,), Coney, (0), 15, )]

Next, we look at the other term in the cone equation. Assume first that dim(o1) < n;.
Then

8]'1 +j2+2 ConeY1 *Yo (ﬂ [o1,02] )

5.3.9
= 0[Coney; (1,,), 1,,] Lemm:a 2.3

[ J1+1 ConeY1(]l ) 102] + (_1)j1+2[coneY1(101)78j2 102]
[1101 COHeYl (831 101) 102] + (—1)j1+2[Coneyl (1101)’ an 102]

[]1017 ] ([ConeYl (ajl ]101 )a ]102] + (_1)j1+1 [ConeY1 (]10'1)? 8j2 ]102])
=1

cone equ. Yp

o1,02] — Coneyy v, (05, 1o 41101 00])-
Next, assume that dim(o1) = ny. Note that in Y; we have

On, (15, — Coney, (On, 1s,)) = On, 1o, — (Ony Loy, — Coney, (Ony—10n, 145,)) = 0. (5.1)
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5.4. Constructing cone functions by adding vertices

Thus

6n1+j2+2 COHeYl *Y2 (1[01’02}) -

n L 5.3.0
= 8n1+j2+2(_1) 1+1[H01 - COHeYl (anl ]101)7 ConeYz(]lm)] g

= (_1)711—!—1[8”1 (]101 - ConeY1 (8n1]101)) 7C0neY2(102)]
+ (71)n1+1(71)n1+1[101 - Coneyl (anl:ﬂ'o'l)’ 8j2+1 COHGYQ(LM)}

[101 COHeYl (8711 101 )7 102 - ConeYz (8j2 IL02 )]
[]101 ConeY1 (am ]101) ]102] - [8711 +1 ConeY1 ( ) ConeYz (8]2 ]102 )]
[]101 ’ ] ([ConeY1 (6711 ]101 ) ]102} + [an1+1 COneY1 ( ) Coney2 (832 ]102 )])

]1[01,02] ConeYI*YQ (8J1+J2+1H[01702])

cone equ. Y
[]101 - ConeY1 (8TL1 ]101) j2+1 ConeY2 (]l )] = ’

cone equ. Yi

Hence, the cone equation holds.

Let 0 < 5 < n1 + na. Then every o € ? is of the form ¢ = [01,02] where
o; € Y(y,),z = 1,2 and j; +j2+1 = j. Note that jo 2 —1 and thus 73 < j. In particular,
if j < nq, then j; < n.

For such j1, jo, it holds that if j; < ni, then

|Supp(COIleyl*y2 (1[01,02])) ‘ < Rﬁ) :

If j1 = nq, then jo =35 —n; — 1 and

Isupp(Coney, s, (1o, 05)))] < [supp(le, — Coney; (95, 15, ))| R
< ((m + 1R + HRY

j—nmi1—1°
Combining these bounds yields the bound stated above for Rad;(Coney; .y, ). O]

Remark 5.3.13. Later, we use a simplified statement which only considers the worst
possible case and does not consider the dimension. Thus let R®) = max_1<;j<p;—1 RJ(.Z),
then

Rad(Coney,,y,) < ((ny +1)RM +1)RP.

This is significantly weaker than the original statement but will be sufficient in many
cases.

5.4 Constructing cone functions by adding vertices

Non-abelian setting Next, we show that we can construct a cone function for a
complex X, by starting with a given subcomplex for which we have a cone function and
adding a set of vertices which is “well-behaved”. We start with a technical definition and
then provide an example to show the idea. The precise statement is given in Theorem[5.4.3]
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Definition 5.4.1. For a complex X, a subcomplex X’ C X is called full, if for every
Vo, -, € X', if {vg, ..., vk} € X, then {vg,..., v} € X'

Example 5.4.2. Let X be a graph, and X’ a full subgraph with known diameter. Fur-
thermore, let W be a set of vertices of X such that W N X’(0) = () and any two vertices
wy,wg € W are not connected by an edge in X, i.e. {wy,ws} ¢ X. We further assume
that lkx (w) N X" # (0 for all w € W. This means that for each w € W there is an edge in
X connecting w to some vertex in X’. Then the full subgraph of X spanned by X'(0)UW
is connected and its diameter is at most diamX’ + 2 (and hence the radius increases by
1). This is visualized in Figure

Figure 5.6: The blue vertices are the elements of W and the black graph is X”.

Theorem 5.4.3. Let X be an n-dimensional simplicial complex, n > 2, and let X’ be a
full subcomplex. Assume there is a 1-cone function Conexs and constants R;» eN,;j=0,1
such that for every j = 0,1, Rad;(Conex/) < R. Also let W C X (0) be a set of vertices
such that the following holds:

i) wnX' =0.
(ii) For every wi,wy € W, {wy, w2} ¢ X(1).
(iii) For every w € W, lkx(w) N X’ is a non-empty simplicial complex.
)

(iv) There are 0-cone functions Coney  (w)nx’ for all w € W and a constant R" e N
such that for every w € W, Rado(Coney (p)nx’) < R,

Let X’ UW be the full subcomplex of X spanned by X’(0) UW. Then there is a 1-cone
function Cone sy such that Radg(Conex/uw) < Rj+1,Rad;(Conexyw) < R'(R]+1).

Proof. First, we fix some notation: for each w € W let L,, := lkx(w) N X’ and

Conex: = (Ué, (P{L)UEX/(O)’ (T(,u’v)>(u v)ex’ (1)> ’
’ ord

COneLw - (UE)L}? (P'uw)ueLw(O))

Observe that L,,(0) are those vertices of X’ which are neighbors of w, that (X'UW)(0) =
X'(0) UW and that edges in X’ U W are all edges of X' or {{u,w} | w € W,u € L,}. In
particular, there is no edge between two vertices of W.

We define Conexuw = (v0, (Pu)uex’0)uws (T(uw)) (up)e(X'UW)ora(1)) as follows.
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5.4. Constructing cone functions by adding vertices

We set vg = vj), € X'.

For u € X'(0), we set P, = P,.

For w € W, we set Py = Pw o (vf'; w).

For (u,v) € Xoa'(1), we set Tuw) = T(/u )’

Lastly, we define the most involved case. Let w € W,u € L, (hence (u,w) €
(X"UW),,q(1)). Then we define T, ) as follows (and T, similarly by reversing
all paths). We have Py = P, o (u;w) o (w;vy’) o (Pq’jéu)*l. We give names to the
vertices in P = (v{;u1;. .. ;up;u). We get the following series of contractions, see
also Figure 5.7]

Figure 5.7: Visualization of T{, ,, shown in the case length(P;’) = 2.
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Py = P, o (u;w)o P!
(rr) With triangle (u, up,w)
Py o (u;up) o (uy;w) o Pyt
}(BT) as often as necessary
P, o (ujuy) o Prlto Py, o (up;w) o Pyt
! apply sequence of relations from T(/u,un)
(v0) © Py, 0(tn;w) o Pyt
Yrr) With triangle (un, up—1,w)
Py, o (un; un—l) © (un—l; ’U)) o Pq;l
}(BT) as often as necessary
Py, o (up;un—1) 0 Pz:nl,l o Py, 4 o (up—1;w) 0 Pz;1

! apply sequence of relations from T(,un,un_l)

(v0) © Puy,_y0(un—1;w) 0 Py

Py o(uy;w) o Pyt
(rr) With triangle (u1, vy, w)
Py, o (ug; ) o (vg;w) o Pyt

Y(BT) a8 often as necessary

P,, o (u1;vy) o P%,}PUSJ (vy;w)P, !
! apply sequence of relations from T('ul,vaj)

(v0) © Pygo(ug; w) o (w; vg') Pyt

U(BT) as often as necessary

(vo)

In total, for each edge in P}’ we have used at most R} + 1 triangle relations. Hence
in total [Ty | < R"(R} +1).

O
We need a slightly adapted version for 1-dimensional complexes.

Lemma 5.4.4. Let X be a finite, one-dimensional simplicial complex, and let X’ be a
full subcomplex. Assume there is a 0-cone function Coneys and constant R’ € N such
that Radg(Conex/) < R'. Also let W C X (0) be a set of vertices such that the following
holds:

i) Wwnx’'=0.
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5.4. Constructing cone functions by adding vertices

(ii) For every wi,ws € W, {wy, w2} ¢ X(1).
(iii) For every w € W, lkx(w) N X’ is non-empty.

Let X’ UW be the full subcomplex of X spanned by X’(0) UW. Then there is a 0-cone
function Coney sy such that Radg(Conex/ ) < R +1

Proof. Let Conex: = (vg, (P,)ucx’(0))- We define Conexruw = (vo, (Pu)ucx’uw) as
follows.

e Set vy = vy).
e For u € X'(0), set P, = P,.
e For w € W, pick a vertex v € lkx(w) N X', and set P, = P, o (v;w).
This indeed defines the desired 0-cone function. O

We can summarize both results in the following corollary. Note here that a 0-
dimensional complex has a 0-cone function if and only if it contains exactly one vertex.

Corollary 5.4.5. Let X be a finite simplicial complex of dimension at least 1 and let X’ be
a full subcomplex of dimension at least 1. Assume that X’ has a NAC and Rad(X') < R’
for some constant R’ € N. Let W C X (0) be a set of vertices and R” € N such that

i) WnX =0.
(ii) For every wi,we € W, {wy, w2} ¢ X(1).
(iii) For every w € W, lkx(w) N X' has a 0-cone function Coney (,)nx’ with

Rado(ConelkX (w)mxl) < R”.

Let X' UW be the full subcomplex of X spanned by X’(0)UW. Then X' UW has a NAC
and Rad(X' UW) < R"(R' +1).

Abelian setting We now also want to establish a way of constructing a cone function
by adding vertices to a subcomplex with already known cone function in the abelian
setting. The result that we get can be thought of as a special version of the Mayer-
Vietoris theorem for cone functions.

Theorem 5.4.6. Let X be an n-dimensional simplicial complex and X’ be a full subcom-
plex. Assume there is an (n — 1)-cone function Coney: and constants R;» eN-1<5<
n — 1 such that for every —1 < j <n — 1, Rad;j(Coneys) < R;-. Also let W C X(0) be a
set of vertices such that the following holds:

i) WnXx' =0.
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5. CONE FUNCTIONS

(ii) For every wi,ws € W, {wy, w2} ¢ X(1).
(iii) For every w € W, lkx(w) N X’ is a non-empty simplicial complex.

(iv) There are (n — 2)-cone functions Coneyy (w)nx for all w € W and constants R} €
N,—-1 < j < n — 2 such that for every w € W and every —1 < j < n — 2,
Radj(ConelkX(w)mX/) S R;l

Let X’UW be the full subcomplex of X spanned by X’(0)UW. Then there is an (n—1)-cone
function Conex y such that for every —1 < j <n—1, Rad;(Conexuw) < R} (R} +1).

Proof. We will define Coney:~y by “adding” the cone functions of lkx (w) N X', w € W
to Coneyx:. We will use the notation L,, = lkx (w) N X".
We note that by linearity and Observation [5.2.15] it is enough to define the cone

function on every 1y, . for every [vo,...,v;] € X' UW(j), 0 < j <n—1. We also note

U] -
that by our assumptions, every [vo,...,v;] € X' UW(j) is either in X'(j) or that it has
a single vertex in W. Thus, it is enough to define the cone function on 1, 1 in the
following two cases: either [vg,...,v;] € )—(>/<j> orvg=w € W and [vq,...,v5] € L_w>(j—1).

We define an (n — 1)-cone function as a linear continuation of the following: First, we
define Cone /() = 1},] where v is the apex of the cone function Coney:. Second, for

%
every 0 < j <n—1 and every [vp,...,v;] € X'(j), we define
ConeX’UW(ﬂ[vg,.“,vj]) = ConeX’(ﬂ[vo,“.,vﬂ)'
. =, .
Last, for every 0 < j <n —1, every w € W and every [v1,...,v;] € L,(j — 1), we define

ConeX’UW(]]-[w,vl,.‘.,vj]) = ConeX’(ConeLw(ﬂ[vl,...,vj])) - []l[w}7 ConeLw(l[vL...,vﬂ)}'

We need to verify that the cone equation holds for every 1y, ,, . ,- We will start by
computing ConeX,UW(aj11[%”17__7,,].});

Lemma [5.3.9]
Conexluw(aj]l[wyvh__,vj]) emma

= Conexruw (Lju,....0;) — Conexruw ([Ljuw)s Oj—11[w,,...0;])
= COH@X’(ﬂ[vl,...,uj]) - ConeX/(ConeLw (8]'_11[”1,“.7%.]))

cone equ. Ly,

+ [Lu)s Coner, (0j-11,,....0,])]
= Conex/(1py, .. v;) — Conex/(1py, . ;) + Conex/(9; Coner,, (1, ... v,)))
+ [L[u), Coner,, (0j—11p,... ;)]
= Comnex(0; Coner,, (L, . v;1) + [Lj], Coner, (9j-11(y, .. 0;))]-
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5.5. Constructing cone functions by an induction argument

Using this computation, we will verify the cone equation for Conex/y (below we use
the cone equation for Conexs and Coner, without noting it):

aj-|—1 ConeX’UW(]l[w,vl,...,vj]) =

cone equ. X’

= 0j+1 Conex(Coner,, (L, ....0;))) = Oj+1[Ljw); Coner, (L. 0])]
= ConeLw(]]'['Ul,.u,'Uj]) - ConeX/(aj ConeLw(Il[vl’m’vj}))

Lemma [5.3.9]
— 0j+1[1y), Coner, (Ly,,..0)] — =

= - ConeX’(aj ConeLw(l[vL...,vﬂ)) + ConeLw(l[m ..... vj])
cone equ. Ly,
- (ConeLw(l[U17-~~7Uj]) - [ﬂ[w]’ 8j ConeLw(l[vl,...,vj])]) =
= — Conex (0} ConeLw(l[vl,...,vj})) + []l[w], ]1[1)17“_71]].} — Coney,, (8];1]1[1)1’._7%])]

= - ConeX’UW(ajﬂ[w,vl,...,vj]) + ]l[w,vl,...,vj]

as needed.
In order to conclude the proof, we will show that Rad;(Conex:uw) < R (R} + 1).

%
For [vg,...,v;] € X'(j),
[supp(Conex uw (Ly,....s;1))|= [supp(Conex: (L, o))< B < RY_1 (R +1).
—
For [w,v1,...,v;] € X' UW (k) where w € W,

[supp(Conexrow (Ljy,....v;)))]
< |Supp(ConeX/(ConeLw (]l[vl,...,vj}))) |+|Supp([]l[w]7 CODGLw (]1[1)1 ..... v]])])’
<R.R; |+ R =R} |(R;+1)

as needed. O

5.5 Constructing cone functions by an induction argument

We want to show coboundary expansion for the opposite complex of a spherical, irreducible
building of classical type. We will achieve this by induction over the dimension of the
opposite complex, separately for the three different types. In this section, we give a general
induction argument that works for an arbitrary class of simplicial complexes satisfying
certain conditions. In the next chapter, we will then discuss for each type how a class of
complexes containing the opposite complexes satisfies the assumptions of the induction.
In each step we will consider both the abelian and the non-abelian case. The idea follows
the work of [Abr96|, the results appeared in [OV25a] for the abelian and [OV25b| for the
non-abelian case.
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5. CONE FUNCTIONS

General induction argument - abelian cones We now describe a way of con-
structing Z-cone functions for a class of simplicial complexes satisfying certain assump-
tions. This can be seen as a quantitative version of [Abr96, Lemma 22|. We basically
only change Assumption|(i)|and the conclusion. Note that we are only considering Z-cone
functions here, thus we omit the Z from the notation.

Theorem 5.5.1. Let C be a class of non-empty simplicial complexes. Assume that for
any n € N;n > 1 there exists ¢, € N such that for all K € C with dim x = n, there exists a
filtration kg C kK1 C ... C k¢ = k of k of length ¢ < ¢, such that the following is satisfied,
where we set V; := k;(0) \ k;—1(0):

(i) There is an (n — 1)-cone function Cone,, such that
Rad(Coney,) < f(n),
where f: R — R is a function depending only on C.

(ii) k; is a full subcomplex of k for all 0 < ¢ < ¢, and for all 1 < ¢ < ¢ and all vertices
wy,we € V; we have {wy, wy} ¢ k.

(iii) 1k, (w) N Ki—1 is either in C or can be written as the join of two elements from C
for any w € V;, 1 > 1.

Then for every n € Ny there exists a constant R(n) such that for every k € C with
dim k = n we have: k has an (n — 1)-cone function Cone, such that

Rad(Cone,) < R(n).

We can describe R(n) recursively. We have R(0) = 1. For n > 1, assume R (k) is known
for k <n. Set

Sy =, max ((a+DR(@)+ DRE).

Then

Proof. We will prove the result by induction on the dimension n.

For n = 0, since k # () there exists v € x(0) and thus we can define a (—1)-cone function
via () + 1p,). Every cone function has (—1)-cone radius = 1, thus we take R(0) = 1.

Fix n > 1 and xk € C with dim(k) = n and with filtration kg C ... C ky = k as in
the requirements. We will prove by induction on 0 <14 < ¢, that there is an (n — 1)-cone
function Cone,, such that

Rad(Coney,) < R (n)

where R()(n) is given inductively by

ROMm) = f(n),  RY(n)=Sn)(RTV(n) +1) = S(n)'f(n) +)_ S(n)’.

120



5.5. Constructing cone functions by an induction argument

For i = 0 this follows from Assumption We proceed by induction on ¢. Fix
1 < i < ¢ and assume there exists a constant R~V (n) and an (n — 1)-cone function
Cone,, , such that Rad(Cone,, ,) < R(~Y(n). We want to apply Theorem to the
following setting, where in the notation of Theorem [5.4.6| we have:

X =k,X' = ki1, Conexs = Cone,,_,, R;- = R(i_l)(n), W =V; = ki(0) \ ki—1(0).

We check that the conditions of the theorem are satisfied.
(i) ViNki—1 = 0 by definition.
(ii) For every wi,wq € Vi : {wi, w2} & K; C £ by Assumption

(iii) For every w € V;, 1k, (w)Nk;_1 is a non-empty simplicial complex, since by Assump-
tion we have lk,(w) N k;—1 € C or a join of two complexes in C.

i i w = Ky i—1- i ii w

(iv) Let w € V; and set Ly, := lky;(w) N k;—1. By Assumption Ly, is either in C or
is a join of two elements of C. In the first case we use the induction hypothesis and
get an (n — 2)-cone function Coner,,, such that

Rad(Coner,, ) < R(n —1).

In the second case, we can write L, = A x B for some A,B € C. Set ng =
dim A,np = dim B then n—1 > dim(L,,) = na+np+1, hence ng,np < n. Thus by
induction there exists an (n4 — 1)-cone function Coney with Rad(Coney) < R(na)
and similarly for B. Using Propositionwe get an (n—2)-cone function Coney,,
such that

Note that we simplified the bound coming from Proposition [5.3.12| by only consid-
ering the largest possible of the cases. We chose S(n) to be the maximum over all
the bounds that can appear at this step. Note that in particular R(n — 1) < S(n).
Thus in the notation of Theorem we have R = S(n).

Rad(Coner,, ) < ((na + 1)R(na) + 1)R(ng) < S(n).

Applying Theorem we get an (n— 1)-cone function Cone,, for k; = k;—1 UV; such
that
Rad(Coney,) < S(n)(R""(n)).

Thus we have R (n) = S(n)(R¥~1(n)+1) and solving the recursion gives the expression
of R (n).

Now, since k¢ = K, we get an (n — 1)-cone function Cone,, with Rad(Cone,) < R (n).
We would like to set R(n) = R (n). But the bound has to hold for all possible x € C
of dimension n. Since R(®(n) is increasing in 4, we take R(n) = R)(n) = S(n)’ f(n) +
S S(n)d. O

=1

Note that the x; in the filtration do not need to be in the class C themselves.
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Remark 5.5.2. Compared to |[Abr96, Lemma 22| we changed Assumption |(i)| from just
asking for kg to be contractible to requiring an explicit cone function, and we removed
the dependency on the underlying building, since the theorem also works in this wider
generality. In particular, if we want to show that a certain class, for which Abramenko
already showed that it satisfies the assumptions of [Abr96, Lemma 22|, also satisfies the
assumptions of this theorem, we need to check Assumption while Assumptions
and are usually already covered.

General induction argument - non-abelian Here we state and proof the non-
abelian version of Theorem [5.5.11

Theorem 5.5.3. Let C be a class of non-empty simplicial complexes. Assume that for
any n € N,n > 2 there exists £,, € N such that for all kK € C with dim k = n, there exists a
filtration kg C k1 C ... C kg = Kk of k of length £ < /,, such that the following is satisfied
(set Vi := ki(0) \ ki—1(0)):

(i) There is a 1-cone function Cone,, such that
Rad(Coney,) < f(n),
where f: N — R is a function depending only on C.

(ii) K; is a full subcomplex of k for all 0 < ¢ < ¢ and for all vertices wy,ws € Vj,
1 <i</¥, we have {wi,ws} ¢ k.

ii) 1k, (w) N K;—1 is either in C or can be written as the join of two elements from
iii) 1k, N is either in C b itt the join of t 1 ts f C
for any w € V;,1 < < /.

Furthermore, we assume that there exists £; € N such that for any x € C with dim(x) = 1,
there exists a filtration kg C k1 C ... C ky = K of k of length ¢ < ¢ such that the following
is satisfied (set V; := k;(0) \ k;—1(0)):

(i) There is a 0-cone function Cone,, such that

Radg(Coney,) < f(1),

(ii) k; is a full subcomplex of k and for all vertices wyi, ws € V; we have {wy, w2} ¢ k,
for all 0 <i </,

(iii) lkg,(w) N Ki—1 is non-empty for all w € V;,1 <14 < {.

Then for every n € N,n > 2 there exists a constant R(n) such that for every x € C
with dim k = n we have: k has a 1-cone function Cone, such that

Rad(Cone,) < R(n).

Furthermore, every x € C with dim(x) = 1 admits a 0-cone function with Rad(Cone,) <

f() + 4.
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We can describe R(n) recursively. We have R(0) = 1. For n > 1, assume R(k) is
known for £ < n. Set
S(n) =max{2,R(n—1)}.

Then
2%

R(n) = S(n) f(n) + ) S(ny.

=1

Proof. We will prove the result by induction on the dimension n.

For n = 1, we can apply Lemma inductively to each step of the filtration to get
a 0-come function Cone, with Radg(Cone,) < f(1) 4 £.

Fix n > 2 and k € C,dim(k) = n with filtration k9 C ... C kK = K as in the
requirements. We will prove by induction on 0 < ¢ < £, that there is a 1-cone function
Cone,, such that '

Rad(Cone,,) < R (n)
where R()(n) is given inductively by
RO®m) = f(n),  RY(n) =Sm) (R (n) +1) = S(n) f(n) +)_ S(n).

j=1

For i = 0 this follows from Assumption We proceed by induction on ¢. Fix
1 <4 < ¢ and assume there exists a constant R(ifl)(n) and a 1-cone function Cone,, ,
such that Rad(Cone,, ,) < RU~D(n). We want to apply Theorem m to the following
setting:

X =k,X' = ki1, Conexs = Coney, ,, R = R(i_l)(n), W =V; = ki(0) \ ki—1(0).
We check that the conditions of the theorem are satisfied.
(i) W N X' =0 by definition.
(ii) For every wy,wy € W : {w1, w2} & k; C £ by Assumption [(ii)]

(iii) For every w € W set L,, = lkx(w)NX’'. Then L,, is a non-empty simplicial complex,
since by Assumption we have L,, € C or a join of two complexes in C.

(iv) By Assumption L,, is either in C or is a join of two elements of C. In the first
case we use the induction hypothesis and get an 0-cone function Coney,, such that

Radg(Coner,) < R(n—1).

In the second case, we can write L,, = A % B for some A,B € C. Thus by
Lemma there exists a 0-cone function Cone4,p with Radg(Conea.p) < 2.

Hence we can set R” = max{2,R(n —1)} = S(n).
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Applying Theorem we get a 1-cone function Conex/ s such that
Rad(Conex.uw) < R"(R' +1)
which in the original formulation means
Rad(Coney,) < S(n)(REV(n) +1).

Thus we have R (n) = S(n)(RU=Y(n) + 1) and solving the recursion gives the second
expression of R (n).

Now, since ky = k, we get a 1-cone function Cone, with Rad(Cone,) < R®(n). We
would like to set R(n) = R¥(n). But the bound has to hold for all possible x € C of
dimension n. Since R (n) is increasing in i, we take R(n) = R (n) = S(n)t f(n) +

CIO
OJ
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Chapter 6

Cosystolic and coboundary
expansion

In this chapter, we show that many KMS complexes give rise to cosystolic expanders and
that certain congruence KMS complexes give rise to 2-dimensional coboundary expanders
also with non-abelian coefficients.

We want to apply the local-to-global machinery from Theorem and Theo-
rem Since we have already shown that the KMS complexes are good local-spectral
expanders, it remains to show that all proper links (i.e. links of simplices of dimension
between 0 and codimension 2) are coboundary expanders. Due to the dependency of
the constants in the local-to-global theorems, we need to bound the coboundary expan-
sion independently of the size of the underlying field (since by increasing the size of the
field we can make sure that the local spectral expansion is sufficiently good). By Corol-
lary we know that every proper link is isomorphic to the opposite complex of a
spherical building. If the corresponding building is not irreducible, then it is the join of
its irreducible components, and this also holds for the opposite complexes, see [Abr96,
Lemma 16]. Thus, we want to show that the opposite complex of an irreducible spherical
building is a coboundary expander by constructing a cone function. We achieve this for
the opposite complexes of type A,,C, and D, using their geometric description from
Section (recall that for Coxeter complexes and hence buildings there is no difference
between type B,, and type C),). Using that we can construct cone functions for joins given
we have cone functions for the factors, we cover all opposite complexes of classical type,
i.e. where each connected component of the Dynkin diagram is of type A, C, or D,,.

We construct the cone functions for the opposite complexes of type A, and C, by
showing that the classes C4, C 4 UC¢ from Definitions and satisfy the assump-
tions of the above induction arguments Theorems and both in the abelian and
non-abelian case. We follow the machinery presented in [Abr96| closely, which itself builds
on previous work [Qui73; |Vog81; AA93|.

We proceed as follows

(i) Each complex « in one of the classes C4,Cc is the flag complex of a certain set
of vector subspaces. We recall the fact from [Abr96] that at least one of these
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subspaces has dimension 1.
(ii) We use this subspace to define a filtration kg C ... C k¢ = k as in [Abr96].
(iii) We show that ko admits a cone function and we bound its radius.

(iv) We recall from the work in [Abr96| that lk., (U) N k;—1 for all U € k;(0) \ ki—1(0)
has the desired structure, i.e. is in the class we consider or can be written as a join
of two elements in there.

(v) We conclude that the class satisfies the required assumptions and hence get a cone
function with bounded radius for each element, in particular for the opposite com-
plexes.

Note that Step is the only step that we have to consider separately for the abelian
and non-abelian case.
The type D,, case is more involved. Here, we do not directly consider opposite com-
plexes in thick D, buildings but in so called weak C), buildings since they are easier to
describe as flag complexes. Thus we start by showing that a cone function (both abelian
and non-abelian) for the weak C), case gives rise to a cone function in the thick D,, case.
We also need an adapted version of the general induction argument. We then proceed as
follows.
(i) We define a class Cj.

(ii) We define a filtration ko9 C ... C k¢ = k for each k € C;.

(iii) We show that o admits a cone function with bounded radius.
)

(iv) We conclude that C; satisfies the assumptions of the adapted general induction

argument.

We define a class Cs.
We proceed as for Cj.
We define a class Cg.

)
)
)
(viii) We define a filtration kg C ... C k¢ = & for each k € Cs.
) We show that ko admits a cone function with bounded radius.
)

We show that C;UCsUCs3 satisfies the assumptions of the adapted general induction
argument.

(xi) We conclude that all opposite complexes of type D,, admit a cone function.

Note that we again only need to treat those steps both for the abelian and non-abelian
case where we construct a cone function for k.
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6.1. Cone functions for opposite complexes of type A,

6.1 Cone functions for opposite complexes of type A,

To show that the complex opposite the fundamental chamber in a spherical building of
type A, has a Z-cone function with bounded cone radius, we show that the class C 4 from
Definition satisfies the assumptions of Theorem In parallel, we will show that
the class C 4 satisfies the assumptions of Theorem [5.5.3

Fix a k € C4 of dimension n > 0, i.e. a (skew) field K, a vector space V of dimension
n + 2 over K and £ a finite set of subspaces of V satisfying the technical assumption in
Definition [3.7.4] Then x = Flag X¢(V') where Xg(V) ={0# U <V | U th £}. Note that
in this case, the corresponding building A = Flag{0 # U < V'} is of type Ap41.

We recall the first fact that appears in the proof of [Abr96, Proposition 12].

Fact 6.1.1. If T¢(V) € Cy4, then there exists L € Xg(V) such that L is a line, i.e.,
dim(L) = 1.

Let L € X¢(V) be a line. Define
Yo={UeXe(V): L+U € Xg(V)},

and further define kg to be the subcomplex of T¢ (V') spanned by Y.
For 1 <i<n+1, define Y; C X¢g(V) as follows:

Vi={U € Xe(V) |dim(U) >n+2—ior U € Yp}.
For every such i, let k; be the subcomplex of Tg(V') spanned by Y;.

Lemma 6.1.2. There is a (Z,n — 1)-cone function Coney, such that
Rad(Coney,) < n+ 2.

Proof. Let T’y be the subcomplex of kg spanned by Zy = {U € X¢(V) : L < U}. For
1 <i<n+41, we denote

ZZZ{UEY'O‘dlm(U)SZOI‘UGZO}

Further denote I'; = Flag Z;. Note that [',,11 = ko. We will show by induction that for
every 0 < i < n+1, there is an (n—1)-cone function Coner, such that Rad(Coner,) < i+1.

For i = 0, we note that I'y is the ball of radius 1 around L in x and can be written as
Iy = {L} *lky(L). By Proposition there is an (n — 1)-cone function Coner, such
that Rad(Coner,) < 1.

Let 1 <i < mn+ 1 and assume there is an (n — 1)-cone function Coner, , such that
Rad(Coner, ,) <i. We will apply Theorem in order to bound the cone radius of T';.
We note that any two Uy, Us € Z; \ Z;—1,U; # Us are of the same dimension and thus are
not connected by an edge. Hence Assumption Item is satisfied.

Let U € Z; \ Zi—1. We will show that lk,.,(U) NT;_; is a join of the vertex {U + L}
with the complex spanned by all the other vertices in lk,,(U) NT;_;.

127



6. COSYSTOLIC AND COBOUNDARY EXPANSION

Note that since U ¢ Zy we have U + L # U, and U + L € Zy. Further, recall
that lk,,(U) N T is a clique complex, thus it is enough to show for every vertex U’ in
Ik, (U) N Ty that is not L + U, that there is an edge connecting U’ and L + U. Let U’
be such a vertex.

First, we will deal with the case where dim(U’) < i. In that case (using the fact that
dim(U) = i), U’ being in 1k, (U) implies that U’ < U and thus U' < U + L, i.e., U’ is
connected by an edge to U + L as needed.

Second, assume that dim(U’) > i. From the definition of Z;_1, it follows that U’ € Zj,
i.e., that L < U’. Also, U’ is in lk,,(U) and thus U < U’. It follows that U + L < U’, i.e.,
U’ is connected by an edge to U + L as needed.

By Proposition for every U € Z; \ Z;_1, there is an (n — 2)-cone function
Conelkno(U)mFi—l such that Rad(Conelkno(U)mpi_l) < 1.

By Theorem (with R} = 1 for every k), it follows that there is an (n — 1)-cone
function Coner, such that Rad(Coner,) < i+ 1 as needed. O

Analogously, we get for non-abelian cone functions the following.

Lemma 6.1.3. There is a NAC Cone,, such that
Rad(Coney,) < n + 2.

Proof. We consider the same filtration I'g C ... C I'y11 = ko with I'; = Flag Z; as in the
proof of Lemma We know that I'g = {L} * lk,(L). By Proposition there is
NAC Coner, such that Rad(Coner,) < 1.

Let 1 <i <n+ 1 and assume there is a NAC Coner,_, such that Rad(Coner,_,) < 1.
From the previous proof, we know that for every U € Z;\ Z;_; the complex lk, (U)NT;_;
is a join of the vertex {U + L} with the complex spanned by all the other vertices in
k., (U)NT;—1. Thus, by Proposition there is 0-cone function ConelkHO(U)mpFl such
that Rad(Conele(U)mpi_l) S 1.

By Corollary it follows that there is a NAC Coner, such that Rad(Coner,) < i+1
as needed. O

The proof of [Abr96, Proposition 12] also shows the following.

Fact 6.1.4. We denote Y = X¢(V),k = Tg(V) and for every U € Tg(V) we denote the
link of U by lk,(U). For every 1 < i < n+ 1 and every U € Y; \ Y;_1, it holds that
ke (U) N ki1 = Te/(U) * Tg(V/U) such that

e The set & consists of subsets of U satisfying Z;ill (jﬁl)e;. < |K]|, hence Tg/(U) €
Cyu.

e & is a set of subsets of V/U that satisfy 27:11 (jfl)éj < |K| and hence Te/(V/U) €
Cy.
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Corollary 6.1.5. For every n € NU {0} there is a constant R(n) such that for every
Te(V) € C4 with dim Tg(V) = n there is a (Z,n — 1)-cone function Coner, (y such that

Rad(Conery (y)) < R(n).

In particular, if A is a building of type A, over a field K with |[K| > 2" anda € A a
simplex, then there exists a (Z,n — 2)-cone function Conep, (4) of Agp(a) such that

Rad(Conep,, () < R(n —1).

Proof. The result follows from Theorem together with Lemma and Fact
In the notation of Theorem we have f(n) =n+2and ¢, =n+ 1. O

Analogously we have the following for non-abelian cones.

Corollary 6.1.6. For every n € N there is a constant R(n) such that for every Tg(V) €
C4 with dim Tg(V') = n there is a NAC Coner (v such that

Rad(Coner, () < R(n).

In particular, if A is a building of type A, (n > 2) over a field K with |K| > 2"~! and
a € A a simplex, then there exists a NAC Conep, (q) of Agp(a) such that

Rad(Conep,, ) < R(n —1).

Proof. The result follows from Theorem together with Lemma and Fact [6.1.4]
In the notation of Theorem we have f(n) =n+2and ¢, =n+ 1. O

6.2 Cone functions for opposite complexes of type C,

The class C that will cover the case of opposite complexes in buildings of type C,, will be
the union of class C4 (see Definition and C¢ (see Definition [3.7.8).

We start by considering x = Tg(V) = Flag X¢(V') € C¢ of dimension n > 0 with V, &
as in Definition The corresponding building is then of type C 1.

We recall from [Abr96, Proposition 13, Step 1] the following.

Fact 6.2.1. There exists a 1-dimensional subspace L € X¢ (V).

We define the filtration kg C ... C Kant2 of k as follows. We start by setting Xg =
{U € X | U satisfies (i), (ii) or (iii)} where

(i) L<U and U h &,
(i) L£U<Ltand Ut EU(E+L);
(iil) U £ L+, dimU > 1and UM EU(ENLYU(E+L)U((ENLY) +L).
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Set kg = Flag Xj.

Next, we define the rest of the desired filtration in two steps. Set Z = {U € X¢g(V) |
L<UorUnth€&+ L} and Yy = Xo. Note that Yy C Z. For the first half of the filtration
we define

Y,={UeZ|UecYyor dimU <i},k;=Flagy;, 1 <i<n+1.
For the second half we set
Yi={UeXe(V)|Ue€Zor dimU >2n+3 —i},k; =Flagy;, n <i<2n+2.
We start by constructing Z - and non-abelian cone functions for xg.

Lemma 6.2.2. With the definitions as above, we have that k¢ has a (Z,n — 1)-cone
function Coney, such that
Rad(Coney,) < 2n + 3.

Proof. Let (Tg(V),Flag X) € C¢ as above. Thus dimx = n. In particular, any totally
isotropic subspace of V' has dimension at most n + 1.

We will apply Theorem inductively to two different filtrations of xg. The first
one is defined as follows.

Yy = {U € X satistying (i)}
V=Y, 1U{U € X |dimU =1,U satisfies (ii)}
={U € X | dimU <4, U satisfies (i)} UYp for 1 <i <n+1.

We set I'; = Flag Y.
The second filtration is given by

Zy = Yni1
Zi=Z;1U{U € X | dimU =n+1— (i — 1),U satisfies (iii)}
=7Z0U{U € X |dimU >n+1— (i — 1), U satisfies (iii)}

for 1 <i<n+1. Weset (; = Flag Z;. We have that I',,11 = {y and (,+1 = Ko.

Next, we want to show that for each I'; there exists an (n — 1)-cone function Coner,
such that Rad(Coner,) <i+ 1 for all 0 < i <n+ 1. We do this by induction on 1.

For i = 0 we have I'yg = st,(L) = {L} * lks(L). Hence by Proposition there
exists an (n — 1)-cone function Coner, with Rad(Coner,) < 1.

For the following step, fix 1 < i < n+ 1. We want to apply Theorem to the
following set-up. Here kg corresponds to the complex called X in Theorem Ty
corresponds to X’ ; and W; :=Y; \ Y;_1 to W i.e. the set of vertices that we want to add.
We check that the conditions of Theorem [(.4.6] are satisfied.

For Assumption [(i)| note that W; NT;_1 = () by definition. Assumption holds since
all subspaces in W; have the same dimension, hence they are not connected in k.

For |(iii)| and let w € W;. Then lk,,(w) = Flag{u € £o(0) | u < w or w > u}.
Furthermore, for v € Y;_; we have u + L € X, since u M E+ L <= wu+ L ¢,
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6.2. Cone functions for opposite complexes of type Cp,

see [Abr96|. Since L < w + L, we have w+ L € Yy C Y;—1. Next, we want to show
that lk,,(w) NT;_1 is a join of {w + L} with the flag complex of all other vertices from
ki, (w) NT—1. Since lk,,(w) NT;_; is a clique complex, it suffices to check that every
vertex different from w + L is adjacent to w + L. Let u € (Iky,(w) NT;-1)(0) \ {w + L}.
Then we differentiate two cases:

e Case 1: dimu<i—1: thenu<w<w+ L
e Case 2: dimwu > i then u € Yy, thus w <w and L < wu thus w+ L < u.

Hence, any other vertex is connected to w + L by an edge and thus
ko (w) NTi—1 = {w + L} * Flag ((k,, (w) N T;-1)(0) \ {w + L}).

By Proposition we have Rad(ConelkNO(w)mpi_l) <1.

Thus we can apply Theorem and get an (n — 1)-cone function Coner, satisfying
Rad(Coner,) <1+ 1.

We treat the second filtration similarly. We want to show that for every 0 < i <n-+1
there is an (n — 1)-cone function Cone¢, such that Rad(Coner,) < n + 24 i. We again
proceed by induction on 1.

For ¢ = 0 we have that (y = [',,+1 has a cone function with radius < n+2 by the above
reasoning.

Now fix 1 <7 < n+1. We want to use Theorem with kg corresponding to X, (;_1
to X', and Z; \ Z;—1 = W. Then Assumptions and of Theorem are satisfied
by the same argument as above.

For Assumptions and fix w € W and consider

ko (w)NG-1 =Flag{u € Z;_1 |u < wor u>w}.

We show that every vertex (different from w N L) is connected to w N L+ hence
ko (w) NGy = {wﬂLL} *Flag{u € Zi—1\ {wﬂLL} | u < woru> w} .

Let u € Ik (w) N¢—1(0) ={u € Z;_1 |u < wor u>w}. If w<wuthen wn L+ <wu and
thus {u, wN L} € ke, (w)N¢—1. If u < w, then dimu < dimw = n+1—1i+ 1 and hence
u € Zy. Therefore u satisfies either (i) or (ii). But if it satisfies (i), then L < u < w, a
contradiction to w € Z;\ Z;_1. Thus, u satisfies (ii), and in particular v < L*. Therefore,
u <wn Lt and hence {u,wN L} € ke, (w) N Gy

Therefore, by Proposition ky, (w) N ¢;—1 has a cone radius bounded by 1.
Applying Theorem we get a cone function Coneg, satisfying

Rad(Cone¢,) < Rad(Cone¢, ) +1<n+2+1.

Since kg = (n4+1 we get the desired result. ]

We now state and prove the corresponding result for non-abelian cone functions.
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Lemma 6.2.3. Let k¢ be as above. Then it has a NAC Coney, such that
Rad(Coney,) < 2n + 3.

Proof. We consider the same filtration I'g C ... C T'yq41 = (o C ... C (ut1 = Ko as in
the proof of Lemma above. Now, we want the apply Corollary We start by
showing that for each I'; there exists a NAC Coner, such that Rad(Coner,) <i+ 1. We
do this by induction on 3.

For i = 0 we have I'g = st (L) = {L} % lk,(L). Hence by Section there exists a
NAC Coner, with Rad(Coner,) < 1.

For the following step, fix 1 < i < n + 1. We want to apply Corollary to
the following set-up. Here kg corresponds to the complex called X in Corollary
I';_1 corresponds to X' , and W; = Y; \ Y;_1 to W. We check that the conditions of
Corollary are satisfied. Conditions |(i)| and hold as in the proof above.

For Condition let w € W;. Then, using the results above,

Iy (w) ATy = {w + L} * Flag (lkny () 1 Tim1)(0) \ {w + L3).

By Proposition we have a 0-cone function ConelkﬂO (w)nTy_, With O-cone radius
bounded by 1.

Thus we can apply Corollary and get a NAC Coner, satisfying Rad(Coner,) <
1+ 1.

We treat the second filtration similarly. We want to show that for every 0 < ¢ <n-+1
there is a NAC Coneg, such that Rad(Cone¢,) < n+2+14. We again proceed by induction
on .

For ¢ = 0 we have that (y = [',,+1 has a cone function with radius < n+ 2 by the above
reasoning.

Now fix 1 <i <n+ 1. We want to use Corollary [5.4.5] with k¢ corresponding to X,
Gi—1 to X', and Z;\ Z;_1 = W. Then Conditions|(i)|and of Corollary are satisfied
by the same argument as above.

For Condition fix w € W. From the reasoning in the proof of Lemma we
know

ko (w) N Go1 = {wﬂLL}*Flag{ue Zi_l\{wﬂLL} |u<w 0ru>w}.

Thus by Proposition ki, (w) N ¢—1 has a 0-cone function with cone radius
bounded by 1. Applying Corollary we get a NAC Coneg, satisfying

Rad(Cone¢,) < Rad(Cone¢, ) +1<n+2+1.
Since kg = (,+1 we get the desired result. O
From [Abr96, Propsition 13| we get the following.

Fact 6.2.4. Let k9 C ... C Kopt2 = k be the filtration as above. Then for every
w € k;i(0)\ Ki—1(0),1 < i < 2n+ 2 we have lk,, (w) Nk;—1 isin C = C4 U C¢ or is a join
of two elements from C.
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Combining the above results, we get:

Corollary 6.2.5. The class C satisfies the requirements of Theorem [5.5.1] and Theo-
rem [5.5.3

Corollary 6.2.6. Let A = Flag X (V) be a classical Cy, building as described in Section[3.7]
(note that dim A =n — 1). Assume that K is infinite or K = F, and

e ¢ > 2272 if f is alternating and Q = 0,
e ¢ >2'""%if m =2n and o # id,
e ¢g>2"1ifm=2n+1o0r2n+2.

In particular, if A is the building coming from the BN-pair of a Chevalley group of type
B, or C,, over the field F, we require q > g2n—1
Then for any a € A there exists a (Z,n — 2)-cone function Conea, 4y of Aop(a) with

Rad(Conep, (a)) < R(n —1)

where R(n — 1) is as in Theorem with f(n) =2n+1 and ¢, = 2n + 2.
Furthermore, for any a € A there exists a NAC Conep (4) of Aop(a) with

Rad(Conep, (4)) < R(n —1)
where R(n — 1) is as in Theorem with f(n) =2n+1 and ¢, = 2n + 2.

6.3 Cone functions for opposite complexes of type D,

The proof that opposition complexes of buildings of type D,, are coboundary expanders
is the most involved case. We use the notation introduced in Section B.7l We follow the
procedure described at the beginning of the chapter.

Cone functions for a subdivision We will later apply an adapted version of the
general induction argument to a class of complexes containing those of the form Tg(V') =
Flag X¢(V) as in Definition But by Proposition the opposite complexes in a
building of type D,, are of the form Tg¢(V'). Thus we start by showing that a cone function
(both abelian and non-abelian) for Tg(V) also gives rise to a cone function for Tg(V).
This can be seen as a quantitative version of [Abr96, Corollary 17 (ii)]. Before we start
with the case of Z-cone functions, we recall some notation.

Let (V,Q, f) be a pseudo-quadratic space over a field K, such that V is m = 2n-
dimensional and @, f satisfy certain properties (see Section . We set

X ={0< U <V |U is totally isotropic}, A = FlagX,

X={UeX|dimX #n—1}, A = Orifl(X),
Xe(V) ={U € X | URE}, Te(V) = Flag Xg(V),
Xe(V)={U € X | UhE}, Te(V) = Orifl Xg(V).
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Proposition 6.3.1. Let 1 ={E; < --- < E,} € A and set E(r) = {Ez,Ef |1<i<r}
If Tg(7)(V) has an (n — 1)-cone function Coner, ., (v) with Rad(Coner, ey (V v)) < c for some
¢ > 0 then there exists an (n — 1)-cone function ConeT (V) with Rad(ConeT (V)) < 2ec.

Proof. For shorter notation, we write T' = Tg(-)(V),Y = X¢g(7) (V) and T = Tg(T)(V), Y =
X g (V). We will also write C;(T') for C;(T', Z) since we only deal with integer coefficients
in this proof.

The idea of the proof is to construct an (n — 1)-cone function for T given a cone

function
ConeT Ci(T) - Cj(T),-1<j<n-1

by defining maps f; : C;(T )—>C’( )for—1<]<n—1andg].C( ) — C;(T) for
0 < j < n such that gj11 0 ConeT of; gives rise to a cone function of T.

As already observed in [Abr96], T is a subdivision of 7' in the following way. Note that
YCYandY\Y={UcY |dimU=n— 1}. If two subspaces U, W € Y are connected
by an edge in T then the same is true in T, but we have additional edges in T, namely
in the case when dimU = dim W = n and dim(U N W) = n — 1. To go from T to T, we
subdivide the edge {U, W} by adding the vertex U N W and connecting U, W and every
vertex U’ € Y for which {U',U,W} e T toUNW.

Recall from the discussion in Section [3.7] that there are two different types of n-
dimensional spaces in X and that spaces from the same type cannot have an intersection
of dimension n — 1. Furthermore, each U € X of dimension n — 1 is contained in exactly
two totally isotropic spaces of dimension n. If U € Y of dimension n — 1, i.e. UhE, with
Wi, Wy € X of dimension n such that U = W1 N Wy then by |[Abr96, Lemma 31 (iii)] we
have that Wirﬁc‘: and hence Wy, Wy € Y.

In particular, any simplex in T contains at most two vertices which are spaces of
dimension n.

For each U € Y \ Y pick one of the two n-dimensional subspaces containing it and
denote it by Wy, Note that if W € Y is connected to U by an edge in T', i.e. W C U or
U C W then {Wy, W} € T(1) if and only if W # Wy .

We define the following two subsets of T'(j) for 0 < j7 < n:

I[;={oceT()|3U €a(0):dimU =n—1} =T\ T(),
Jj={0ce€T()|3U €0(0):dimU =n—1and Wy ¢ o(0)}.

-

Let o € Jj, then we define o (U, Wyr) € T(j) to be the oriented simplex with vertex Wy
at the position of U instead of U. This is well defined by the above observation. Similarly,
if o € T(j) with Wy, W5 € ¢(0),dim Wy = dim Wy = n and U = W; N W5 has dimension
n — 1, we write o(W;,U) for the oriented simplex where we replaced W; with U. This is

now a well-defined simplex in 7'(j
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Next, we define the function f; : C;(T) — C;(T),0 < j < n—1 by its action on chains
of the form 1, and then extending Z- hnearly

—
1, ifoceT(j ;ﬂT

f](]]'o') = HU<W17U> + HJ(WQ,U> if o€ T T ) Wl, W2 co ),dlm WZ =n,
U—WlﬂWQ,dlmU—n—l.

On the other hand, we define

g5 : C5(T) — C(T)

-—
1, ifoe T(])ﬂT(])
1, — :H'U<U,WU> ifoe Jj
0 ifoe Ij \ Jj.

We define Conejf = gj+10 Cone%, ofj,—1 < j <n-—1, and Conej = @;:il Cone‘%.
The majority of the rest of the proof is dedicated to showing that this is indeed a cone
function. As a concatenation of Z-linear functions it is Z-linear. If [U] is the apex of
Coner then the apex of Coney; is again [U] if dimU # n — 1 and otherwise it is [W].

Hence, we are left with showing the cone equation. Let o € T(j). We write
Coner(1,) = m)\ 1, for A\; € Z. In the following, if 7 € I;41 is a simplex,

then U will always denote the subspace of dimension n — 1 in 7(0). Let [0 : 7] denote the
oriented incidence number as defined in Section 2.2l Then

8j+1(gj+1(ConeT(Ila))) 6J+1(COI1€T( Z A 8J+1]1 + Z A ajJrl]lT(UWU)

7€l T€Jj11

= 1, — Coner(0;1,) Z)\ 27:7]17
’TEIJ+1 ’yefl—v—g

+ 3 AT\ U+ D A Y Tl

T€Jj41 TEJj1 eT (A \ (U}

where we used that

jt1lruwy) = > [T YLy + [ T \A{UNLA (-
ZeT (@ vAr\(U}

Note that (7(U, W)\ {Wu} =7\ {U} and [7 : v(U, Wy)] = [T : 7).
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We take a closer look at the second half of that expression:

= DA D el D N\ {UNL

TEIj+1 ’YGT(ji TEJj+1

+ Z Ar Z [T Y )

T€Iit1 el (A \ (U}

D D T S (7 N R S W DR 1 InAT

el T \(U) el yeT(FEr\ (U}
- Z )\T[T T \ {U}]]lr\{U} + Z )\T[T T \ {U}]]]‘T\{U}

TE]]'+1 7'€=]1'+1

- _ Z A Z [T:79]1, + Z Ar Z [T - YLy

el (e \ (U} Tt yeT(j A\ (U}
— Z AT T\ {U}}HT\{U}.

T€li1\J 11

On the other hand, let X, € Z such that Coner(d1,) = ZWGW AL 1,. Then

gj(Coner(01,)) = Coner(91,) — Z )\;Il7 + Z A;17<U7WU>.
€L veJ;

What are the \), in terms of the A\;?
Coner(dly) = 15 — 0541 Coner(ly) =1y — i1 > Acls

TeT(j+1
Y A Y e,

TeT(j+1 ﬂ/GT(j;

=1, — Z Z Alm o] | 1y

~eT (5 TeT(j+1

)\{y:_ Z )\T[T:ﬁy}

TET(j+1

Hence if v # o then

and otherwise
N o=1- Z AT o).
TeT(j+1

To compare the expression of g;j(Coner(9;1,)) with 0;41(g;j+1(Coner(1,))) we further-
more need the following observation comparing the sets I; with I;;11 and J; with J; 1.

{(7—77):P)/EIj?TeT(.j"i_l;?’YCT} = {(777)iTGIjH,’YGma’YCTW#T\{U}}
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and
{(7',7) iy E Jj,TGT(j—{—l;,’)/CT}
—{(r) i€ Ty €T C 1oy AT UL 57 € L \ i,y = 7\ (W)}

We use the above result to further investigate the second half of the expression for
gj(Coner(01,)). We first assume that o ¢ I;.

=D N+ > N Ly

YEl; v€J;
= — Z — Z 7' ’y Il + Z Z [T : ’Y] ILV(U,WU)
vEl; TeT(5+1 v€J; TeT(j+1
= Z Z [7' 'Y Z Z [7- : ’Y])\Tﬂ'ﬂU,W[ﬂ
TElj1+1 yem:yiT\{U} T€Jjt WEﬂ.WiT\{U}
D DR LR 113 1P S RNTaA TS
T€lj41\Jj4+1

As second case, assume o € I; \ Jj.

gj(Coner(01,)) = Coner(01,) Z AL, + Z N wwyy = Aole
~vel\{o} v€EJ;

= Coner(01,) — Z - Z Arlrea] | 1y + Z Z Arlm o] | Ly

v€lj\{o} reT(j+1 ved; TeT(j+1
—|1- Z MTio] | 1,
TeT(j+1

= Coner(01,) Z Z Arlm o] | 1y + Z - Z Aol | Ly — Lo

el \ el (1) VETi \ reT(j+1
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As third and last case, we consider o € J; C I;.

gj(Coner(01,)) = Coner(9d1,) Z )\’ 1, + Z /\7 (U,Wir) -1, + /\if]la<U,WU>
vel\{o} vedi\{o}
=Coner(01,) — Y. | = Y M|+ DY | = D Mol | Laww
’YEI]'\{O'} TET(j+1 ’YEJJ\{J} TGT(j+1

1= > Mo+ |1 Y Mol | Ly

TeT(j+1 TET(j+1
= Coner(01,) Z Z AT | 1, + Z - Z Arlm oAl | Ly
€L\ eTGH) €\ reT(i+1
-1, + ﬂo‘(U,WU>'

We now look at almost the complete cone equation for Coney, still not considering f;.

Let 0 € T(j ;ﬂT , then we get

0j+19;+1(Coner(1,)) + gj(Coner(0;1,)) = 1, — Coner(9;1,)
1)
D R D D R TE e N S S ) At
T€li+1 Ay eT () Ar\{U} TN el (AU}
() ®3)
— Y A T

€l 41\ Jj41

+C0neT 611 Z Z [7_ : '7]>\T]1'y - Z Z [7_ : 7]>‘7'117<U»WU>

RS TELj 41 4T (j)iyAr\{U} TESj1 e T (v \{U}
@) @
_ Z [T - T \AWUHA L fwp )y o) -

7€l 41\ Jj41

(4)

The parts marked (1),(2), and (3) cancel each other out respectively. It remains to show
that the same is true for the parts marked (4). Note that the sums in the parts marked
(4) run over the same elements. Hence we need to show that for any 7 € I \ Jj41 we
have

[r T \NAUN oy = =7 T \NAWU L\ gw o)
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6.3. Cone functions for opposite complexes of type D,

Note that as an unoriented simplex 7 \ {U} is the same as (7 \ {Wy })(U, Wy) (in both
cases we have all the vertices of 7 except U). Let 7 = [Up,...,U;j4+1] and assume that
U = U; and Wy = Uy, for some 0 < £,k < j+ 1. Then [r : 7\ {U}] = (-1)! and
[7:7\ {Wy}] = (—=1)*. Further note that we can obtain(r \ {Wy})(U, Wy) from 7\ {U}
by cyclically permuting the vertices of index between min{/, k} and max{¢,k} — 1. The
cycle has length |k — ¢| — 1 and thus signature (—1)* =1, Hence (—1)k1(r\{WU})<U,WU) =
(—1)k. (_1)]{*27117—\{[]} = —(—1)5]17\{(]} which is what we wanted to show.
To summarize, we get

0j+19j+1(Coner(1,)) 4+ gj(Coner(9;15)) = 1.
Analogously, we get for o € I; \ J;
8j+1gj+1(ConeT(]lU)) + gj(ConeT(Gj ﬂg)) =0

and for o € J;
9j+195+1(Coner(1y)) + g;(Coner(d;1,)) = Low,wy)-

-
Note that if o € T(j; NT(j), then f;j(1,) = 1, which shows that the cone equation

holds in this case. To conclude the proof, we need to check the cone equation also for

the case where o € T(j) \ m In this case ¢(0) contains two subspaces Wy, Wy with
dimW; = n and U := W1 N W5 has dimension n — 1. Without loss of generality, assume
that Wy = Wi. We get fj(15) = Lo, vy + Lows,vy- We have that o(W1,U) € J; and
o(Ws,U) € I;\ J; thus we can apply the above reasoning to both of them separately and
get, using linearity:

Oy+195+1(Coner(f;(15))) + g; (Coner(f;(9;1,)))
= 0j419j+1(Coner (1, 11y)) + gj(Coner (915w, 11y))
+ 9j419541(Coner (Lo (wy,0))) + gj(Coner(9; 1o w,,0)))
= lomuywwy) +0= 1o
For the last equality, we used that (o (Wi, U))(U, Wy) = o since we first replace W in o
by U and by applying (U, W) we replace U by Wiy = Wi and end up where we started.
For bounding the cone radius of Cone; note that f; at most doubles the size of the

support of a chain, while applying g; will not increase the size of the support of a chain.
Hence in the worst case, i.e. if o € I; then

[supp(Cone(1,))| < [supp(Coner (1w, 11y))| + [supp(Cones (1w, 0y))|
< 2Rad; Coner < 2ec.

Hence we get the desired bound on the cone radius. O

Next, we show the analogous result for non-abelian cones.
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6. COSYSTOLIC AND COBOUNDARY EXPANSION

Proposition 6.3.2. Let 7 = {E; < --- < E,} € A and set £(7) = {F;, B~ |1 <i <r}.
If Tg()(V) has an l-cone function ConeTg<T>(V) with Rad(ConeTg(T)(V)) < ¢ for some
¢ > 0 then there exists a 1-cone function Conefg(ﬂ(v) with Rado(Conefg(T)(V)) < ¢ and
Radl(ConeTs(T)(V)) < 2c.

To prove the proposition, we need the following definition and auxiliary lemmas.
Definition 6.3.3. Let 7 = {Ey <--- < E;} € A and set £(1) = {E;, B |1 <i <r}.
Denote 7' = Tg(7) (V) and T' = Tg(-) (V). Each u € X with dimu =n — 1 is contained in

two n-dimensional spaces in X. We denote them by W, and W,.
We define the following function:

¢ : Topq(1) — paths in T

(Wy;v)  if dimu=n—1,v # W,
(W) if dimu=n—-1,v=W,
(u,v) = < (u; W,) if dimv =n—1,u# W,
(Wy) if dmv=n—-1u=W,

(u;v) else.

Note that this definition is well defined, since if (u, v) is an edge in 7" and dimv =n—1
then (u, W,) is an edge in T' (either u C v C W, or u N W, = v).

Definition/Lemma 6.3.4. The map ¢ preserves paths, ie. given a path P =
(vo;...;um) in T, we have that p(P) = ¢(vo,v1) o p(v1,v2) 0 ... 0 P(Vm—1,0m) is a
path in T'.

Proof. Given two edges (u,v), (v,w) € Toq(1) such that the terminal vertex of one edge
equals the initial vertex of the other. Then the terminal vertex of ¢((u,v)) will be equal
to the initial vertex of ¢((v,w)) (if dimv # n — 1 it will be v, otherwise it will be ).
Hence, the concatenation of the images of the edges of a path is well defined and gives
again a path. O

Note that it follows from the definition that o(P o Q) = o(P) o p(Q) and p(P~1) =
p(P)~h.
(BT)

Lemma 6.3.5. Given two paths P, P’ in T, if P "~ " P’ then p(P) (?\JT)QD(P/) or p(P) =
p(P).

Proof. Since P (BT) P’ there exit paths Qg, Q1 and vertices u,v in T such that P = Qg o
(uviu) 0 Q' and P = Qo (u) 0 Q. Thus, ¢(P) = ¢(Qo) o ¢((u;v5u)) 0 p(Qr) ™"
and similarly for ¢(P’). Now, if dimwu,dimv # n — 1 then ¢((u;v;u)) = (u;v;u) and
©((u)) = (u) which proves the statement in this case.

If dimwu = n — 1 then ¢((u)) = (W) and p((u;v;u)) = (Wy;v; W) or p((u;v;u)) =
(W,) and the statement follows.

If dimv = n — 1 then ¢((u)) = (u) and @((u;v;u)) = (u; Wysu) or o((u;v;u)) =
(Wy) = (u) (the second case occurs exactly when u = W,). O
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6.3. Cone functions for opposite complexes of type D,

| u | v | w [ olwvw) [ olww) [ o(P)vs (P ]
[dimu#n—1]dmv#n—1]dmw#n—1 (u;v;w) [ (ww) [ (TR) |
u# Wy v # Wy, dimw=n—-1 (u; v; W) (u; Wy) (TR)
u# Wy v=Wy dimw=n—-1 (u; W) (u; W) =
u =Wy v # Wy dimw=n—-1 | (u= Wy;v; Wy) (W) (BT)
u# W, dimv=n-—1 w # W, (u; Wy; w) (u; w) (TR)
u# W, dimv=n-—1 w =W, (u; Wy) (u;w = Wy) =
u=TMW, dimv=n-—1 w # W, (Wy; w) (u = Wy, w) =
dimu=n-1 v#£ W, w# Wy (Wy; v;w) (Wy;w) (TR)
dimu=n-1 v=W, w# Wy (Wy;w) (Wy;w) =
dimu=n-1 v#£ W, w=W, (W v;w = Wy,) (W, (BT)

Table 6.1: Relation ship between ¢(P) and ¢(P’) for each case.

( TR)

Lemma 6.3.6. Given two paths P, P’ in T, if P ") P’ then we have o(P) = (P,

o(P) ) () or o(P) = ().

Proof. Since P 5 P’ there exit paths Qo, @1 and a triangle (u,v,w) in T such that P =

Qoo (u; v;w)oQy " and P’ = Qoo (u;w)oQy . Thus, p(P) = ¢(Qo)op((u; v;w))op(Q1) ™!
and similarly for p(P’).

We will proceed by case distinction which we display in Table The last column
shows the relationship between p(P) and ¢(P’). O

Proof of Proposition[6.5.3 We consider the setting of Definition Assume that we
have a 1-cone function (vo, (Po)ver(0)s (T(uw)) (u,0)eT,q (1)) of T The goal is to construct

a 1-cone function (vp, (P”)vET(0)7 (T(uvv))(u,v)eford(l)) for T

For the apex, we set Uy = vg if dimwvg # n — 1 and otherwise vg = W,

Given a vertex v € T(0) =Y := Xery(V), we set P, = ¢(P,). Since v € Y, we have
dimv # n — 1 and hence P, is a path from vy to v of length at most the length of P,.

Let (u,v) € Toa(1). To define the contraction T(uﬂ)), we distinguish two cases. First
assume that (u,v) € TNT, i.e. at least one of the two vertices has dimension less than
n. Hence we can consider T{, ) = (P, .., Pn) and define T(u,v) = (p(Po)y..-,¢(Pm))-
The auxiliary Lemmas|[6.3.4} [6.3.5} [6.3.6] imply that this is a well defined contraction and
|T(u,v)’S |T(u,v)"

For the second case, let (u,v) € Tyq(1) with dimu = dimwv = n. Consider Twurw) =
(Pg,...,Py) and Tiynyp) = (PZ,...,P?). Note that o((u;unNw;v)) = (u;v). We set

Py=P,op((u,unv)o(unu,v))o Pt = (P, o (u;unwv;v)oPh).
By |Puno|=: s many backtracking steps, we can transform Py to

Py = @(Pyo (u,unv) o P, 0 Punw o (uNw,v) o P = o(Fy o F).
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6. COSYSTOLIC AND COBOUNDARY EXPANSION

Applying the contraction steps from 7, ;) on the first half of the path and then the steps
from T\,ny,0) On the second half we get the desired contraction, (again using Lemmam

and Lemma|6.3.6)). In particular |Z/~’(uﬂ,) |< T w,unv) |+ T(unw,w) |- This also proves the bound
on the 1-cone radius.

O

Remark 6.3.7. The above reasoning also shows that if 7" has a 0O-cone function, then
we can construct a 0-cone function for T. Further note that the dimensions of T and T
coincide. Hence, we can also get a more general statement of Proposition [6.3.2[saying that
given a NAC for T, we can construct a NAC for T and Rad(T) < 2Rad(T).

Adapted version of the general induction argument For the D,, case, we need
the following more specialized version of Theorems [5.5.1 and [5.5.3} In order to state it,
we need the following definition.

Definition 6.3.8. Let K be a field, V a K-vector space, Y a collection of subspaces of
V. Let X =FlagY and U € Y. Then we define
Y<Ui={WeY |W<U}, XV :=Flagy<V
YUV ={WeY |W>U}, X"V :=Flagy~Y.
Remark 6.3.9. Note that
kx(U)=X<Vx x>V,
We start with the result for Z-cone functions.

Theorem 6.3.10. Let C be a class of tuples (k, (V,Q, f)) where (V,Q, f) is a thick
pseudo-quadratic space and k = FlagY where Y # () is set of vector subspaces of V. Let
n = dim k, assume there exists £, € N and a filtration kg C k1 C ... C Ky = K, L < ¥,
satisfying:

(i) There exists an (n — 1)-cone function Cone,, such that
Rad(Coney,) < f(n)
where f: R — R is a function depending only on C.

(ii) Every k; is a full subcomplex of k, i.e. k; = Flagy; for some Y; C Y and all vector
subspaces in Y; \ Y;_1 have the same dimension.

(iii) For every U € Y; \ Yi_1 we have that lk.,(U) N ki1 = k7Y * k7Y is such that
ﬁf[{, Z>U1 € C or one (or both) have again a filtration Ry C ... C Rp, h < lgim R,
which starts with an element of C (i.e. Ry € C), such that Condltion (ii) is satisfied

and is such that for every W € R;(0) \ R;j_1(0) we have Rfvg, R>W e C.

Then there exist constants R(n) depending only on C and n, and there exists an (n —1)-
cone function Cone, such that

Rad(Cone,) < R(n).
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6.3. Cone functions for opposite complexes of type D,

Proof. The proof is analogous to the one of Theorem [5.5.1] The main difference is that
to get a cone function for 1k, (U) N k;—1 it might happen that we cannot just use the
induction hypothesis, but that we need to do another induction on the filtration of /<;Z<_Ui
or /ﬁfﬂ, using Theorem in the step of the induction. This gives an even weaker and
more complicated bound on the cone radius of the final cone function, thus we decided to
not keep track of it. But it will still only depend on n and the class C, not on the field
K. O

Theorem 6.3.11. Let C be a class of tuples (x, (V,Q, f)) where (V,Q, f) is a thick
pseudo-quadratic space and k = FlagY where Y # () is a set of vector subspaces of V.
Assume that for any n € N,n > 2 there exist £, € N such that for all kK € C,dimk =n
there exists a filtration kg C k1 C ... C kg = Kk, < £, satisfying:

(i) There exists an 1-cone function Coney, such that
Rad(Coney,) < f(n),
where f : N — R is a function depending only on C.

(ii) Every k; is a full subcomplex of k, i.e. k; = Flagy; for some Y; C Y and all vector
subspaces in Y; \ Y;_1 have the same dimension.

(iii) For every U € Y; \ Yi_1 we have that lk,, (U) N ki1 = /{f_Ul * /<1>U1 is such that
kY, k7Y € C or one (or both) have again a filtration Ry C ... Rp,h < Laim R,
which starts with an element of C (i.e. Ry € C), such that Condition (ii) is satisfied

and is such that for every W € R;(0) \ R;—1(0) we have Rf_vg, R]>_Ml/ e C.

Furthermore, we assume that there exists ¢; € N such that for any x € C with dim(x) = 1,
there exists a filtration kg C k1 C ... C ky = K of k of length ¢ < ¢ such that the following
is satisfied (set V; := k;(0) \ k;—1(0)):

(i) There is a 0-cone function Cone,, such that

Radg(Coney,) < f(1),

(ii) k; is a full subcomplex of k and for all vertices wyi, ws € V; we have {wy,we} ¢ k,
for all 0 <4 < /.

(iii) 1kg, (w) N ki1 is non-empty for all w € V;,1 <i < {.

Then for every n € N,n > 2 there exists a constant R(n) such that for every k € C
with dim k = n we have: k has a 1-cone function Cone,, such that

Rad(Cone,) < R(n).

Furthermore, every x € C with dim(x) = 1 admits a 0-cone function with Rady(Cone,) <

f(1) + 4.

Proof. The proof is analogous to the one of Theorem keeping in mind the same
changes as in the abelian case. O
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Defining the correct class and showing that it satisfies the assumptions
We now describe the set up for the rest of this section. We follow [Abr96, Section 7| closely
and also refer to that book for more details. We will define three subclasses Cy, Cs, C3
and first show that C;, Cy satisfy the assumptions of Theorems [6.3.10] and [6.3.11] to then
conclude that Cp = C; U Cy U Cg satisfies them as well.

We fix n to be the Witt index of (V,Q, f) hence dimV = 2n and the corresponding
building is n — 1-dimensional. Recall X = {0 < U < V | U totally isotropic}.

Definition 6.3.12 ([Abr96, Definition 12]). Let U, E < V, dimU < n,dimE = n.
Assume that F is not totally isotropic. Then

UQE : <= U' N E is not totally isotropic.
Set

Uy =U(V)={A<V |dimA=nA¢ X}
MA)={M < A|dimM =n—1,M € X} for any A € U,.

Definition 6.3.13. We define the class C; to consist of complexes Flag X¢.7(U; V') where
e (V,Q, f) is thick pseudo-quadratic space of Witt index n, in particular dim V' = 2n;
e U € X withdmU =k > 2;
e & a finite set of subspaces of U, set e; = |£;|,1 < j < k — 1 like before;

Let F = F; D F2 D ... D Fi_1 be finite subsets of U, (V') satisfying

(i) UnF € £U{0} for all F € F;
(i) Fj = Fy;
(ili) dm(UNF)<k—1—jforall Fe F;,1<j<k-1.

Assume that |K| > Z;:ll (I;:%)ej + 2F=1s, where s = | F|.

Set
Xer(U;V):={0<W < U | Wy € and WQy F; for dimW = j}.

Fact 6.3.14. Let x = Flag X¢. 7(U; V) € Cy with £ = dimU > 2, in particular s has
dimension k — 2. Then there exists a 1-dimensional subspace L € X¢.7(U; V).

We define the filtration for x as above in the following way. Note that by the above
fact k # 0, thus in particular if dim k = 0 then we get a (—1)-cone function.
Recall k = dimU = dimk + 2 and assume k& > 3. We set Y = X¢,7(U; V) and define

Yo={AeY |A+LeY}, ko=Flagp.
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The filtration that we will use consists of two dimension decreasing filtrations. First
we define

Z={WeY|L<WorWty (FNU)+ L} DYy

Yi={WeZ|WeYyor dmW >k —i},
ki :=FlagY;, 1 <i<k-—1.

The second part of the filtration of k is defined as:

Zi={WeY |WeZor dimW >k —1i},
Rk—1+4i *— FlagZZ,O < 1 < k—1.
Lemma 6.3.15. With the above setting, kg = FlagY, has a (Z,k — 3)-cone function

Cone,,, with
Rad(Coney,) < k.

Proof. We proceed similar to the proof of Lemma Set By:={Ae€Y |L<A} fy=
Flag By. Then 5y = {L} x lky ({L}) and hence it has a (k — 3)-cone function with cone
radius bounded by 1. Next, set B; = {A € Yy | L < Aor dimA < i}, 5; = Flag B; for
1 <4 <k—1. Then all subspaces in B;\ B;_1 have dimension i. Let A € B; \ B;—1. Then

lkgi(A)ﬂBi_l:{A—FL}*Flag{WEBi_l‘B#A+L,A<WOI‘W<A}

by the same argument as in Lemma Applying Theorem [5.4.6] inductively, we get a
(k — 3)-cone function Coneg, , = Coney, with

Rad(Coney,) < k.

We get the analogous result for non-abelian cones.

Lemma 6.3.16. With the setting as above, kg = Flag Y, has a NAC Cone,,, with radius
at most k.

Proof. Set By := {A € Y | L < A},pp = FlagBy. Then y = {L} x lky({L}) and
hence it has a NAC with cone radius bounded by 1. Next, set B; = {A € Yy | L <
Aor dimA < i},p; = FlagB; for 1 < i < k — 1. Then all subspaces in B; \ B;_1 have
dimension i. Let A € B; \ Bj—i. Then lkg,(A) N fi-1 = {A+ L} x Flag{W € B;_; |
B# A+ L,A< WorW < A} by the same argument as in Lemma Applying
Corollary inductively, we get a NAC Coneg, , = Cone,, with

Rad(Coney,) < k.
U

We now show, following the arguments in the proof of [Abr96, Lemma 33], that the
filtration of x has the desired structure on the links in each step.
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Lemma 6.3.17. Let x with filtration kg C ... C kop_o = Kk as above. For every U €
ki(0) \ K;—1 we have that
Ik, (U) N ki1 = w79 * 674

71—

is such that /ifﬂ, /<ai>f]1 € C; or one (or both) have again a filtration Ry C ... C Ry, h <
Lqim R, Which starts with an element of C; (i.e. Ry € Cy), satisfies itself Condition (ii) of
Theorem [6.3.10} and is such that for every W € R;(0)\ R;j—1(0) we have Rﬁ"{, R;‘q € C;.

Proof. We start with the first part of the filtration. Recall
Z={WeY|L<WorWrty (FNU)+ L} DYy

Yi={WeZ|WeYyor dmW >k —i},
ki =Flagl;, 1 <i<k—1.

This clearly satisfies Condition (ii) in Theorems [6.3.10[ and [6.3.11] For Condition (iii),
let W € Y;\ Yio1. Then Y=V = Y;<W by looking at the dimensions. Step 3 in the
proof of [Abr96, Lemma 33] shows that Y5~ = Xgr.z(W;V) for some &, F. Thus
#; " € C;. On the other hand, Y71V = Z>W. Step 5 in [Abr96, Lemma 33] shows that
while Flag Z>" is not necessary in C; it admits itself a filtration of length i satisfying

the necessary properties.
Recall that the second part of the filtration has the form

Zi={WeY |WeZor dimW >k —1i},
Rk—1+4i = FlagZz,O < 1 < k—1.
This part of the filtration clearly satisfies Condition (ii). For Condition (iii), let W €

Zi\ Zi—1. Then Z7% =Y>" and FlagY>" € C; by Step 4 in [Abr96, Lemma 33]. On
the other hand, Z=% = Z<W for which we again have Flag Z<" € C; by [Abr96]. O

Thus we can conclude for the class Cy:

Corollary 6.3.18. The class C; satisfies the assumptions of Theorems [6.3.10|and [6.3.11]

We now define the second out of three classes.

Definition 6.3.19. We define the class Cy to consist of complexes Flag Z¢.7(U; V') where
o (V,Q, f) is a thick pseudo-quadratic space of Witt index n, in particular dim V' = 2n;
e Uc X ={0<W<V|W totally isotropic} with dimU =k > 2;
e & a finite set of subspaces of U, set e; = |£;|,1 < j < k — 1 like before;
o F C Uy(V) with |F| = s < oo such that

(i) UNnF C Eu{o},
(ii) UNF+ =0and dim(U N F) <1 for all F € F.
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e Assume K| > Z?;ll (I;:f)ej + 2s.

e Set
Zg;]:(U;V) = {0 <W<U ‘ w FhU & and W@Vf}

We get a similar fact as usual, but this time we are interested in the existence of a
hyperplane instead of a line.

Fact 6.3.20. Let k = Flag Zg.7(U; V) € Cq, dimU = k > 2, in particular dimk = k — 2.
Set Y = Zg.7(U; V). Then there exists H < U withdimH =k —1and H €Y.

We use this fact to define a filtration for k = Flag Z¢. 7(U; V) € Ca. For k = 2 we have
that dimx = 0 hence the desired filtration and cone function exist trivially. Fix & > 3
and assume dimk = k — 2. We set

Yo:={BeY |BNHEecY} ry=FlagY
and

Yi={WeY |WeY,or dimW <i},
ki :=FlagY;,, 1 <i<k-—1.

Note that xi_1 = k.
We construct a Z-cone function for k.

Lemma 6.3.21. In the above setting, ko = FlagYj has a (Z, k — 3)-cone function Cone,,
with
Rad(Coney,) < k.

Proof. The proof is similar to the proofs of Lemmal6.1.2and Lemmal6.3.15], the difference
being that we now look at the dual version, where we fix a hyperplane instead of a line.
Set By ={Ae€Y | A< H}, By =Flag By. Then 5y = {H} = lky,({H}) hence it has a
(k — 3)-cone function with cone radius bounded by 1.
Next, set B, ={A €Yy | A< Hor dimA >k —i},5 =FlagB; for 1 <i <k — 1.
Then the subspaces in B; \ B;—1 are all of dimension k —i. Let A € B; \ B;_1, then

Ikg, (A) N Bioy = {ANH} «Flag{W € Bi_1 | W £ ANH,W < Aor A< W}.

Hence it has a (k — 4)-cone function with cone radius bounded by 1. Thus we can apply
Theorem inductively and obtain a (k — 3)-cone function Coneg, , = Cone,, with

Rad(Coney,) < k.

Next, we state the analogous result for non-abelian cones.
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Lemma 6.3.22. With the definitions as above, ko = Flag Yy is (k — 2)-dimensional and
has a NAC Cone,, with
Rad(Coney,) < k.

Proof. We consider the filtration Sy C ... C Bx_1 = ko with §; = Flag B; from the proof
of Lemma From the above reasoning, we know Sy = { H}  lky, ({ H}) hence it has
a NAC with cone radius bounded by 1.

Let A € Bi\Bz'—la then lk,gl(A)ﬂﬁl_l = {AﬁH}*Flag{W € B;_1 ’ W#£ANHW <
Aor A < W}. Hence it has a 0-cone function with cone radius bounded by 1. Thus we
can apply Corollary inductively and obtain a NAC Conep, , = Cone,, with

Rad(Coney,) < k.
U

Lemma 6.3.23. Let s with filtration k9 C ... C kn4x—1 = Kk as above. For every
U € k;(0) \ k;—1 we have that

Ik, (U) N ki1 = KiY * 674

is such that /{fﬂ, /ﬁff{ € Cs or one (or both) have again a filtration Ry C ... C Ry, h <

Lqim R, Which starts with an element of Cy (i.e. Ry € Ca), satisfies itself Condition (ii) of
Theorem [6.3.10} and is such that for every W € R;(0)\ R;j—1(0) we have Rf_mf, R]>_V[1/ € Co.

The proof of this lemma follows closely the steps and arguments in the proof of [Abr96,
Lemma 34|, adapting it to our setting where necessary.

Proof. Recall that the filtration is defined as
Yo:={BeY |BNHeY}

Yi={WeY |WeYyor dimW <i},
ki :=FlagY;, 0<i<k—1.

This clearly satisfies Condition (ii) of Theorems [6.3.10 and [6.3.11] To see that it satisfies
Condition (iii), let W € ¥;\ Yi—1. Then V=W =YW ={0< A< W |Ahw ENW} =
Zeaw9(W; V) and hence FlagY <" € Cs. On the other hand, Y;>}V = Y7V can again be
described in such a way that Flag Y7 € Cs, see Step (5) in |[Abr96, Lemma 34]. Since
Kik_1 = K, the filtration is indeed as desired. O

Thus we conclude the following.

Corollary 6.3.24. The class Cy satisfies the assumptions of Theorems [6.3.10 and [6.3.11]

Next, we will define a third class, which will be the one containing the relevant opposite
complexes, see also Remark [6.3.31

Definition 6.3.25. We define the class Cs to consist of complexes of the form Flag Ye (V)
where
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(V,Q, f) is a thick pseudo-quadratic space of Witt index n, in particular dim V' = 2n;

& = &+ is a finite set of subspaces of V, set & = {E € £ : dim E = j}, e; = |&];

2n—1 (2n—2
K| =237 (;Lfl)ej;

~

e & =&, NULV);
e X ={0< U<V |U is totally isotropic}.

Set
Ye(V):={U € X | UNE and if dimU < n then UQE, }.

Fact 6.3.26. Let xk = FlagYe(V) € Cs with dimV = 2n. Then there exists a 1-
dimensional subspace L € Yg (V).

Let n = %dimV = dimk + 1. And assume n > 3. We construct the filtration for

k = FlagYe (V) € C3 as follows, using the notation Y = Yg(V). Set

F=cu(entt)uE+nu((enzt)+1) and

Fn = Fo NU(V).
Consider the following conditions:
(i) L <U,UME and if dim U < n then UQE,;

U hE UQE, if dimU =n—1,

(ii) L £ U < L* and ~
UMmMEU(E+L),UQF, if dimU<n-—2;

(iii) U £ LY, dimU > 1,UMF and if dimU < n then UQF,.

We define Yy := {U € X | U satisfies (i), (ii), or (iii) } and ko = FlagYy. The filtration
will contain two parts, one dimension increasing and one dimension decreasing filtration.
To define the first, we define what we call Condition (iv) in the following way, using the
notation from above.
UNF if dimU =n
UZLtand { Ut F and UQF, if dimU=n—1 (iv)
UhEU(E+L)and UQF, if dimU <n—2.

Set

Z :={U € X | U satisfies (i), (ii) or (iv)}
Yi={UeZ|Ue€Yyor dimU <i},1<i<n-—2.

Note that Yy C Z since if diimU < n then UME < U €.
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The dimension increasing filtration is defined by setting
Yi={UecY|UecY,qyor dimU>2n—i}, n<i<2n-—1

and together we get the filtration x; = Flagy; for 0 <i <2n — 1.
As usual, we first show the existence of a Z-cone for k.

Lemma 6.3.27. In the setting above, kg = Flag Yy has an (n — 2)-cone function Cone,,
with
Rad(Coney,) < 2n + 1.

Proof. Let k = FlagYe(V) € Cs with dimV = 2n. Let Yy and L be defined as above.

Recall that X = {0 < U < V' | U totally isotropic subspace}. We define a filtration for Yj

and we want to apply Theorem inductively. We will use the fact stated in Step 3 of

[Abr96, Proposition 14], that for every U € Yy, we have UNL* € Yy and (UNL*)+L € Yy,
Set

Ag ={U € X | U satisfies [[D)]}
A; ={U € X | U satisfies [[)] or (dimU < i and U satisfies (D))}, 1 <i <mn;
a; = Flag A;,0 < i < n.

Then Ay = {L} * Flag{U € Ay | U # L} and hence has a cone function with cone radius
bounded by 1. Clearly elements in A; \ A;_1 have the same dimension and are hence not
adjacent. Let U € A; \ A;_1. Then

ke, (U)Naj—y =Flag{W e X | (W e Agand U < W) or (W € A;_; and W < U)}.

We want to show that each subspace in {W € X | (W € Apand U < W) or (W €
A;_1 and W < U)} is either contained in or contains U+ L (note that we have UNL*+L =
U+LeAyCA_) UWe Ayand U < W then L < W and hence U + L < W. If
W e A1 and W < U then W < U + L as needed. The second part of the filtration is
defined as follows. We set

B;={U € X |U € A, or (U satisfies [(iii)| and dimU >n —i+ 1)},
Bi; = Flag B;,0 < i < n.

Then A, = By. Let U € B; \ B;—1. We want to show that lkg, (U) N B;—1 can be written
as the join of {U N L'} and Flag{W € B; 1 | W #UNL* W < U or U < W}. First,
note that U N L+ € Yy and hence UN L+ € A, C B;_1. Let W € B; 1 \{UNL*}. If
W < U then dimW < n — i, hence W € A, \ Ay, and in particular W < L*. Hence
W=WnLt<UNLL IfU <W then UN L+ < U < W. Thus we get a filtration of
ko of length 2n. By applying Theorem at each step, we get an (n — 2) cone function
Coney, with
Rad(Coney,) < 2n + 1.
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And we get the analogous result for non-abelian cones.
Lemma 6.3.28. In the setting as above, ko = Flag Y{) has a NAC function Cone,, with
Rad(Coney,) < 2n + 1.
Proof. We use the same filtration of kg as in the proof of Lemma [6.3.27 Set

Ap :={U € X | U satisfies [(i)]}
A; .= {U € X | U satisfies[(i)| or (dimU < i and U satisfies [(i))}, 1 <i < n;
a; :=Flag A4;,0 <i <n.

Then Ay = {L} * Flag{U € Ay | U # L} and hence has a NAC with cone radius bounded
by 1. Thus, by the same argument as above, we can inductively apply Theorem [5.4.3
The second part of the filtration is defined as follows. We set

Bi:={U € X |U € A, or (U satisfies (iii)] and dimU >n —i+ 1)},

Then A,, = By. Thus we get a filtration of kg of length 2n. By applying Corollary
at each step, also for the second part, we get a NAC Cone,,, with

Rad(Coney,) < 2n + 1.
O

Lemma 6.3.29. Let k € C3 of dimension n > 2 with filtration k9 C ...Kk9p_1 = K as
above. Set Cp = C; U Cy U Cs. For every U € k;(0) \ k;—1 we have that

Ik, (U) N ki1 = w79 * k7Y

is such that /{fUl,/{f_Ul € Cp or one (or both) have again a filtration Ry C ... Ry, h <

Laim R, Which starts with an element of Cp (i.e. Ry € Cp), satisfies itself Condltlon ( i) of

Theorem (6.3.10, and is such that for every W € R;(0)\ R;_1(0) we have R]<V[1/, R>W €Cp

Proof. We start with the first part of the filtration. Recall

Z :={U € X | U satisfies (i)} [(ii)] or iv] }
Vii={UeZ|UecYyor dimU <i},1 <i<n-—2.

Note that Yy C Z since if diimU < n then UME < U €.

Let U € Y;\ Y;_1. We have that U £ L+ and dimU =i < n—2. We get Y;fllj =zZ<U,
Since L £ U (otherwise U < U+ < L1), we can apply Step 5 of the proof of |Abr96,
Proposition 14] to get that Flag Z<V ¢ C,.

On the other hand, Y;>{ = ¥;°U and we have Flag Y;"U € C3 by [Abr96).

Next, we treat U € Y with dimU = n — 1. To cover these elements, we define

Y, 1:=ZU{U €Y |dimU =n—1and Y57V # (}.
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Let U € Y,—1 \ Yu—2. Then Yni% = Z<V and Flag Z<V € C,. Furthermore, we have
V> = Y7V € C;. (Note that dim Flag Y™V = 0 since YU only contains subspaces of
dimension n. Since Y7 # 0 it trivially admits a (—1)-cone function.)

Recall that the second part of the filtration is given by

Y, ={Ue€Y |Ue€Y,_qor dimU >2n—i},k =Flag¥;,n <i<2n-—1.

Let U € Y;\ Y;_1 and set k = 2n —i = dim U. We distinguish the cases k = n and k < n.

If kK = n, then Yn>_U1 = () since there is no totally isotropic subspace of dimension > n.
This is fine for our purpose, since ) * A = A for an arbitrary simplicial complex A. On the
other hand, Flag Yn<_q has again a filtration starting from an element in C;. To describe

—

the filtration, we set £ := (ENU)U((E+L)NU), F':= FNU, H :=Hy ==+ :=Hp 0 = Fp
and Hy,_1 :={F € F, | UNF = 0}. Furthermore, we set

S:=Xeq(U;V)N{0<W <U|F £ W forall 0 # F' € F'}.

By Step (20) in [Abr96, Proposition 14|, we know that S C Yn<_U1 For Flag S, we get the
desired filtration as follows. Note that if W ty F’ then this implies that F’ £ W. Thus
we set £ = &' UF and get Xegn(U; V) CS. We set

Ap ::Xg//;;.{(U;V),AZ':{WGS’WEA() or dlmWSz},lSzSn—l

We follow the by now standard procedure to check that this is a valid filtration. Let
W e A;\ Ai—1. Then Af_vi/ = AgW = Xev (U V)>W and by Step 4. in [Abr96, Lemma
33] Flag Xen 4,(U;V)>W € Cy . On the other hand, A=W = S<W. Note that if W € S and
W' e Xgrqy(U; V) such that W < W then W’ € S since if F/ £ W then F' £ W' < W.
Thus

SNV = Xery(U; V)W ={0< W < W | W NE WQH; for dimW’ = 5}
= XE’F‘IVV,H(W; V)
and Flag Xeqw 4 (W; V) € Cy. Hence we got a filtration
Flag Ag C ... C Flag A,,_1 = Flag S C Flag Yni({

of length n = dim U which satisfies the assumptions.
If dimU < n, then Y;<{ = Z<U and we again have Flag Z<V € C3. Additionally, we
have Y;>Y = Y>U for which Abramenko shows that FlagY>! € Cj. O

We now have all the necessary ingredients to show that the relevant class of simplicial
complexes satisfies the conditions of Theorems [6.3.10| and [6.3.11] The proof will follow
the usual structure.

Theorem 6.3.30. The class Cp = C1UCyUC3 satisfies the conditions of Theorems[6.3.10
and [6.3.11]

152



6.4. Vanishing of first cohomology

Proof. Let k = FlagY € Cp. If kK € C;UC3 then the result follows from Corollaries[6.3.18]
and [6.3.24]

Now assume x = Flag Yz (V) € Cs. Let n = dimV = dimx + 1. We will show that
k satisfies the required conditions for all n > 2.

Let n = 2, hence dim x = 1. Step 2. in [Abr96, Proposition 14] shows that each vertex
U €Y can be connected to L by a path of length at most 5. Thus these paths define a
non-abelian 0-cone function (and hence also (Z,0)-cone function) Cone,, of x with radius
at most 5.

For n > 3, this follows using the filtration discussed above, together with Lem-
mas to O

The following remark from [Abr96] gives the connection between Xg(V') and Ye (V).

Remark 6.3.31. Let 7 = {Ey,... E,} be a simplex of A = Orifl X and set £ = £(a) =
{Ei,E |1 <i<r}. Then ENU, =0, Ye(V) = Xe(V), en < 2,€p-1 = €pt1 = 0 an
e; <1 for all other 1 <37 <2n —1.

Q.

We conclude with two corollaries, capturing the essential result of the section, once for
the abelian and once for the non-abelian case.

Corollary 6.3.32. Let A be a building of type Dy, over the field K, and a € A be a sim-
plex. If |K| > 22"~ then Aop(a) has a (Z,n — 2)-cone function with Rad(Conerp(a)) <
2R(n — 1), where R(n) does not depend on K.

Proof. By Theorem [6.3.30, we have that Y, (V) has a cone function with radius <
R(n—1). By Remark|6.3.31} we have X¢(q)(V) = Yg(4)(V'). Thus Proposition yields
a cone function for Agp(a) = Tg(a)(V) with cone radius bounded by 2R(n — 1). O

Corollary 6.3.33. Let A be a building of type D, over the field K, and a € A be a
simplex. If |K| > 22771 then Ayp(a) has a NAC with Rad;(Coney ) <2R(n—1),0 <
j <1, where R(n) does not depend on K.

Proof. By Theorem [6.3.30} we have that Y¢(,) (V) has NAC with radius < R(n — 1). By
Remark [6.3.31), we have X¢g(4)(V) = Yg(q)(V). Thus Proposition yields a NAC for

Agp(a) = Teq) (V) with cone radius bounded by 2R(n — 1). O

6.4 Vanishing of first cohomology

In this chapter, we show that the first cohomology of the congruence KMS complexes van-
ishes for many choices of coefficient groups. Together with the fact that these complexes
have bounded hl,, this will show that the congruence KMS complexes give rise to families
of bounded degree 1-coboundary expanders.

The idea is to apply [KOW24, Theorem 3.1] which reduces the question of vanishing of
1-cohomology for each KMS complex to the vanishing of 1-cohomology for an underlying
infinite complex and the vanishing of the 1-cohomology of the kernels of the quotient

maps. Before we recall the precise statement, we give two technical definitions.
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Definition 6.4.1 ([Ser97, Chapter 1.5]). Let G, A be (potentially non-abelian) groups,
and assume that G acts on A by automorphisms. Then we define the 0-cohomology of G
with coefficient group A as

HY(G,A)={zcA|gx=uxforall geG}.
We further define the set of 1-cocycles as

ZNGN) ={f: G = A f(gh) = f(9)-g.f(h)}

and we say that two cocycles f, f' are cohomologous, denoted f ~cono f', if there exists
x € A such that f/(g) = 7' f(g)(g.z). The first cohomology is then the set of equivalence
classes of cocycles, i.e. H'(G,A) = Z1(G, A)/~cono-

Note that if the action of G on A is trivial (i.e. g.x = x for all ¢ € G,z € A), then
ZY(G, M) is precisely the set of group homomorphisms from G to A.

Definition 6.4.2. Let X be a simplicial complex and let N < Aut(X) be a group acting
on X. The quotient N\X is the simplicial complex defined as follows. We define an
equivalence relation ~ on the vertices V(X)) of X by setting v ~ wu if and only if there
exists ¢ € N such that gv = u. The set of vertices of N\X is the set of equivalence
classes, i.e.

VIN\X) = V(X)/~={[v] | v € V(X)}.

A set of vertices {[vo], ..., [vg]} forms a k-simplex in N\ X if there exist u; € [v;] such that
{uo,...,ux} € X (k). The projection map p: X — N\ X is the map induced by p(v) = [v]
for all v € V(X). It is always simplicial and surjective. We say that it is rigid if for all
o € X we have dim(o) = dim(p(0)).

Theorem 6.4.3 ([JKOW24]). Let X be a connected pure n-dimensional simplicial com-
plex, n > 2 and N be a group acting on X. Assume p : X — N\X is rigid. For every
group A, if HY(X,A) =0 and H'(N,A) =0 then H'(N\X,A) = 0 (the cohomology of N
is taken with the trivial action of N on A).

In the remainder of the section, we will first investigate the underlying infinite complex
in our setting, and then the kernel of the quotient map.

The underlying infinite complex The complex that will play the role of X in
Theorem [6.4.3] in our setting is the following.

Definition 6.4.4. Given an n-spherical, purely n-spherical GCM A = (4;;); jer of rank
n+ 1 and a field K, we define the fundamental KMS complezx to be

Ya(K) = CCUA(K), (Upn iy )ier)-

Observation 6.4.5. The complex Y4(K) is a connected, pure n-dimensional simplicial
complex. If n > 3 and |K|> 5 (i.e. UT = Uy(K)), then it is isomorphic to the opposite
complex of the twin building associated to G 4(K).
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Proposition 6.4.6. Let A be an n-spherical, purely n-spherical GCM of rank n + 1,
n > 2, then Y4(K) is simply connected, in particular H*(Y4(K),A) = 0 for every group
A.

Proof. This follows from Proposition since U4 (K) can be described as the free prod-
uct of the Up (;; amalgamated along their intersections. O

Lemma 6.4.7. Let ¢ : U (K) — Chev 4(K[t]/(f)) be as in Section Let Ny = ker ¢;.
Then Np\Y4(K) = X(®, K, f) and pr:Ya(k) = Np\Ya(K) is rigid.
Proof. This follows from [KOW24, Proposition 2.5] and [KOW24, Observation 2.2]. [

The kernel of the quotient map Let A by a generalized Cartan matrix of untwisted
affine type and rank n > 4, and let K be a finite field with |K| > 5. For simplicity, we
assume that char(K) # 2, see Remark . Let A denote the spherical GCM related to
A as Section with root system ®. Recall from Section that we have an injective

homomorphism

¢ Us(K) — Chevfi(K[t])

tos () Ta,(A)  PH#0
“ z_(\t) i=0

where ~ is the highest root in P.
Let Z denote the image of ¢ in Chev(K|t]) (since the type of the Chevalley group is
fixed here, we will omit it from the notation). As shown in Proposition we have

T = (z4(g9) | € T and g € K[t], or o € ®~ and g € (¢)) < Chev(K][t]).

Furthermore, let f € K[t] be irreducible with deg(f) > 2.

The quotient K[t] — K[t]/(f) induces the map 7y : Chev(K][t]) — Chev(K][t]/(f)).
We will denote its kernel by Chev(K[t], (f)) := ker(my).

We introduce some further notation, where for a group G and a subset .S we denote by
((S))¢ the normal subgroup of G generated by S. This will involve the Steinberg group
of type A over K[t], St(K[t]) = St ;(K[t]).

I(f) = {(zal9) |« € " and g € (f), or @ € &~ and g € (tf)))z.
St (Z) = (zalg) |a € @t and g € K[t], or a € ®~ and g € (t)) < St (K[t]),

St(Z,(f)) = ((zalg) | a € ®F and g € (f), or a € &~ and g € (tf)))sy()-

The following result is of a similar flavor as [ACR12, Lemma 3.3] and the proof is
inspired by the proof of the aforementioned result.

Theorem 6.4.8. In the above set up, we have
Chev(K 1), () N T = Z(f).
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Proof. We have the following commutative diagram.

0 . 0

St(Z,(f)) —— Chev(K][t],(f))NT

St(7) il 7

~ ~

SH(K[t]/(f)) —— Chev(K[]/(f))

Here, « is the identity, 3,7 and ¢ are given by mapping a generator z,(g) of the
Steinberg group to the corresponding generator (with the same label) in the Chevalley
group.

Note that Z(f) = B(St(Z, (f))) C Chev(K]t],(f)) NZ.

The vertical maps in the diagram are first the trivial map, then the inclusion map
followed by the quotient maps St(K[t]) — St(K[t]/(f)) and Chev(K][t]) — Chev(K][t]/(f))
respectively, both restricted to the desired domain.

Our goal is to show that § is surjective. To this end, we want to apply the “Four
lemma” (see e.g. [Mac63, Lemma 1.3.2]) which says that if the columns are exact, ¢ is
injective and « and +y are surjective then [ is surjective.

Note that « is trivially surjective, ¢ is an isomorphism, since K[t]/(f) is a finite field
(see Remark and ~ is surjective since all generators of Z lie in the image of St(Z).

It remains to show the exactness of the columns. For the right column, this follows
from the definitions.

For the left column we need to show that M := ker(St(Z) — St (K[t]/(f))) is equal
to N := St (Z, (f))-

Clearly we have that N C M. For the other inclusion, we proceed in two steps.

Step 1: We show that St (Z) /N = St (Z) /M.

Let 1 : St (Z) — St (Z) /N denote the projection. For o € &, g € K[t],h € (f) we

have

(xalg +h)) = P(2a(9))¥(2a(h) = P(zalg))
since z4(h) € N. Similarly, for « € &, g € (), h € (tf) we have

P(xalg + 1) = P(2a(9)¥(zalh)) = b(zalg)).

Thus the expressions ¢ (zq(g + (f))) for a € &+, g € K[t] and ¥(za(g + (tf))) for o €
&, g € (t) are well defined. In particular, they form a set of generators of St (Z) /N.
Let ht(a) denote the height of the root o with respect to a fixed set of simple roots
(ie. if T = {1, ..., an} and o = 3", Aja; then ht(a) = 327, );). Note that if o € &+
then ht(a) > 0 and if o € = then ht(e) < 0 (and the height is always an integer).
We define the following map:
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§: St(K[t]/(f)) = St(T) /N

(ralt g+ () ifae bt
za(g+ () — { (:L‘a(t_ht +(tf)) ifae &

Note that if &« € & then —ht(a) > 0 and thus ¢~ ") e K[t]. In particular, if
g € (f) then t~ 1@ g c (¢f). If a € & then —ht(a) < 0. We choose jo € K[t] such
that §ot"® =1 mod (f) i.e. Jo + (f) =t " 4 (f). Hence by ¢t~ '@ g 4 (f) we mean
Jag + (f). In particular, if g € (f) then gog € (f). Therefore, different representatives of
the same class g + (f) get mapped to the same element by &.

Thus, to check that £ is a well-defined homomorphism, it remains to check that the
relations are respected by the map.

Clearly, {(za(s+u)) = £(za(s))é(xa(u)). Note that ht(ia+ j3) = i ht(«) + 7 ht(b) for
all a, 8 € &),i,j € Z and hence

ot " W) z5(t " Du)] = T wiasgp(CF Tt Mt std),
ia+jBed,i,j>0

This implies that the commutator relation is also preserved under £.
Thus, £ is a well-defined homomorphism. The next step is to show that it is surjective.
This follows from the fact that

K[t]/(f) = K[t/(f) : A= 4+ ()" A

is bijective for all n € Z and that the map

K[t/ (f) = @)/ (f) - A= A

is well defined and bijective. Hence all the generators of St (Z) /N lie in the image of .

On the other hand, since N C M, the surjective map St (Z) — St (K[t]/(f)) induces a
surjective map St (Z) /N — St (K[t]/(f)). Since St (K[t]/(f)) is finite and St (K[t]/(f)) =
St (Z) /M we get that St (Z) /N = St (Z) /M, which concludes Step 1.

Step 2: Since St (Z) /M = St (K[t]/(f)) = Chev(K][t]/(f)) is finite, we can conclude
from Step 1 that N = M.

To show this, note that we have N,M < St(Z),N C M thus M/N < St(Z)/N.
Hence by the third isomorphism theorem (St(Z)/N)/(M/N) = St(Z)/M. Hence
ISt (Z) /N|/|M/N| = |St(Z) /M]|. But |St(Z)/N| = |St(Z) /M], thus |M/N| = 1 which
implies N = M.

O

Corollary 6.4.9. Assume the setting from above. Let p = char(K) and let A be a group
with no non-trivial elements of order p. Then H'(ker(¢y), A) = 0, where the cohomology
is considered with trivial action of ker(¢¢) on A.
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Proof. By Theorem we have that Chev(KT[t], (f))NZ is normally generated by order
p elements, and hence the same holds for B := ker(¢) (since the two groups are isomorphic
because ¢ is injective). Since A has no non-trivial elements of order p the only possible
morphism in homgyp(B, A) is the trivial one. This implies that H'(B, A) is trivial, since
the elements of the first non-abelian cohomology are precisely conjugacy classes of the
elements of homga,p(B, A). Note that if A is abelian, then the two sets coincide. O

The vanishing of first cohomology of congruence KMS complexes is summarized in the
following corollary.

Corollary 6.4.10. Let d be a spherical root system of rank n > 3, K a finite field with
|K| > 5 and char(K) = p # 2. Let f € K][t] be an irreducible polynomial of degree
at least 2. Let X (‘D,K , f) denote the corresponding congruence KMS complex as in
Definition Furthermore, let A be a group with no non-trivial elements of order p.
Then

HY (X(®,K, f),A) = 0.

Proof. This follows from Theorem together with Proposition Lemma/6.4.7|and
Corollary O

Remark 6.4.11. A similar argument, using Theorem and Proposition could
be applied to other finite quotients of KMS groups used in the KMS complex construction
as well, provided that one can show that the cohomology of the kernel of the quotient is
trivial.

6.5 Coboundary and cosystolic expansion results for KMS
complexes

We are now able to harvest to fruits of our work and conclude that certain KMS complexes
give rise to cosystolic and coboundary expanders.

Theorem 6.5.1. Let n > 3 be an integer. There exists € > 0 such that for every prime
power ¢ > 22"~! and every n-dimensional, n-classical KMS complex X over IFy, all proper
links of X are (g, A)-coboundary expanders for every finitely generated abelian group A.

Proof. Fix a rank n+ 1, n-classical GCM A = (A;;); jer. Let 0 € X be of type 0 #T C I
and dimension < n—2. Then lkx () is isomorphic to the opposite complex in the spherical
building of type Apr over F, by Corollary Since A is n-classical this is the join of
opposite complexes of type Ay, Oy, or Dy. Thus, Corollaries[6.1.5] [6.2.6] and [6.3.32] together
with Proposition and Theorem imply that lkx (o) is a (5, Z)-coboundary
expander for some ¢,. Since, after fixing n, there are only finitely many cases to check
(still fixing the group Z), we let € be the minimum over all £,. By Proposition this
also implies (e, A)-coboundary expansion for every finitely generated abelian group A. [

We also get the analogous result for non-abelian expansion.
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6.5. Coboundary and cosystolic expansion results for KMS complexes

Theorem 6.5.2. Let n > 3 be an integer. There exists € > 0 such that for every prime
power ¢ > 22"~ and every n-dimension, n-classical KMS complex X over ¥y, all proper
links of X are (A, ) 1-coboundary expanders for every group A.

Proof. Fix a rank n+ 1, n-classical GCM A = (A;j); jer. Let 0 € X be of type 0 # T C I
and dimension < n — 2. Then lkx(o) is isomorphic to the opposite complex in the
spherical building of type Ap 7 over F, by Corollary Since A is m-classical this
is the join of opposite complexes of types Ay, Cr or Di. Thus, Corollaries
and together with Section and Proposition imply that lkx (o) is a (A, 85)
1-coboundary expander for some (.. Since, after fixing n, there are only finitely many
cases to check (note that the expansion constant does not depend on the coefficient group
since it comes from the cone radius), we let 8 be the minimum over all 3. O

Remark 6.5.3. If we consider a KMS complex over the GCM of type A, then we get a
smaller bound on the field size, namely g > 2771,

Using the local-to-global results for cosystolic expansion, Theorem [2.3.16] we can con-
clude the following.

Corollary 6.5.4. Let n > 3 be an integer and ¢ a prime power. Let A be a rank n + 1,
n-classical GCM and let X be a KMS complex of type A over F,. Let Y denote the
(n — 1)-skeleton of X. Then there exist e, u > 0,qp € N such that if ¢ > go then Y is an
(e, p, A)-cosystolic expander for every finitely generated abelian group A.

Proof. This follows from Theorem since by Theorem X is a local spectral
expander, where the expansion constant can be made arbitrary good by increasing the
size of the field. On the other hand, by Theorem[6.5.1] all proper links are coboundary ex-
panders, and the expansion constant is independent of ¢ and hence the spectral expansion
constant. ]

Corollary 6.5.5. Let n > 3 be an integer and ¢ a prime power. Let A be a rank n + 1,
n-classical GCM and let {X;}; be an infinite family of KMS complex of type A over F,.
Let Y; denote the (n — 1)-skeleton of X;. Then there exist ¢, u > 0,q9 € N such that if
q > qo then {Y;}; is an infinite family of bounded degree (e, i, A)-cosystolic expander for
every finitely generated abelian group A.

In particular, {Y;}; is a family of bounded degree topological expanders.

In the non-abelian case, we obtain the following.

Corollary 6.5.6. Let n > 3 be an integer. There exist ¢ > 0,qp € N such that for all
prime powers ¢ > qo and every n-dimensional, n-classical KMS complex X over F, and
every group A, we have hl (X, A) > ¢.

Proof. This follows from Theorem [2.3.22] since by Theorem X is a local spectral
expander and by Theorem the relevant links are coboundary expanders. O

Combining this with the results from Section [6.4] we obtain 1-coboundary expansion
for the congruence KMS complexes.
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6. COSYSTOLIC AND COBOUNDARY EXPANSION

Corollary 6.5.7. Let n > 3 and let ® be a root system of type A,, By, Cy, or D,,. Then
there exist gg € N,e > 0 such that

(i) for every field K with |K|> gy and char(K) = p # 2,

(ii) for every group A with no non-trivial elements of order p, (e.g. if A is finite and
[Al< D),

(iii) for every irreducible polynomial f € K[t] of degree at least 2

the congruence KMS complex X ((I>, K, f)is a (A,e) 1-coboundary expander.

Proof. Let Xy = X((i),K, f). Then by Corollary we get go € N,e > 0 such that
if ¢ > qo then hl,(Xf,A) > . From Corollary [6.4.10] we obtain hl (X, A) = hl, (Xf, A)

given that A has no non-trivial elements of order p. O

Corollary 6.5.8. Let n > 3 and let ® be a root system of type A, Bn,C, or D,. Let
go € N,e > 0 be the constants from Corollary Let K be a field with |K|> qo
and char(K) = p # 2, and let f; € K[t] be a family of irreducible polynomial such that
lim; o deg(fi) = co. Let A be a group with no non-trivial elements of order p. Then
{X (<I>, K, f;)}; is an infinite family of bounded degree (¢, A) 1-coboundary expanders.
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Chapter 7

Directions for future research

In this last chapter, we collected some questions and ideas for future research around
high-dimensional expansion and KMS complexes.

7.1 Higher dimensional coboundary expanders

Up to this point, the only known families of bounded degree coboundary expanders are
two dimensional, including the ones we get from the congruence KMS complexes. Or
differently said, we only know 1-coboundary expansion for the classical congruence KMS
complexes. Naturally, the question of 2- (and higher) coboundary expansion arises.

One possible strategy to answer this question could be as follows. We know from
the work of Abramenko in [Abr96|, that many opposite complexes are not just simply
connected, but (n — 2)-connected (where n is the dimension). Together with a high-
dimensional version of Theorem [6.4.3]it remains to show that the second group cohomology
of the kernel of the quotient maps vanishes.

Theorem 7.1.1. Let A be a rank n+1, n-classical GCM, K a finite field with |K|> 2271
(or 271 if A is of type A,1). Let (AT,A~ %) be the twin building associated to
G = G4(K). Let C* = 1B* be the positive fundamental chamber. Then Ag, is (n — 2)-
connected.

Proof. Note that U* stabilizes CT. Let X = |A~| be the geometric realization of the
negative building. For o,7 € A~ let

d(o,7) = min {length(6 (C,D)) | C,D € C~,7 C C,0 C D}

and for A, B C A~ let d(A, B) = mingeapep d(a,b).
For j € Ny define
Aj={oce A |d(o,UTC™) < j}.

We show that
d(oc,UTC™)=0 <= oop CT.



7. DIRECTIONS FOR FUTURE RESEARCH

Forge U™
§*(CT,9C7) = 6*(gCT,9C7) =6*(CT,C7) = 1w

using that U™ fixes CT and that the Weyl-distance is G-invariant. Thus, using e.g. |[ABOS,
Corollary 5.141], since 6~ (0,gC~) = 1y = 6*(Ct,9C™), we can conclude o is opposite
C*. Hence we have Ag = Ag,.

Let Xj = ’AJ’ Then X = UjZOXj'

In |Abr96| it is shown that in this set-up, the conditions of [Abr96, Lemma 14] are
satisfied, in particular

(i) X is n-connected,

(i) Xjp1 = XU Uielj S;,; where S; ; are contractible subspaces of X; 1, I; is a finite
index set, satisfying

(1) Sh,j N Si,j - Xj for all 7 and all A 75 1€ Ij.
(ii) Si; N Xjis (n — 2)-connected.

Using the Mayer-Vietoris theorem (see e.g. [Hat02, Section 2.2]), we get the exact
sequence of Z-homology (note the we omit Z from the notation in this proof)

.= HZ(XO N SLO) — Hl(XQ) D Hi(Sl,O) — HZ(XO U SLO> — Hi_l(X() N SLO) — ...
Since H;(XoNS1,0) =0 for all 0 <i <n—2 and H;(S1,0) =0 for all 4, we have
HZ(X()) = H1<X0 U 51,0).

We show by induction on k that H;(X() = Hi(X(]UUle Si0). We have already covered
k = 1. Note that
k k
(XoU U Si0) N Sky1,0 = Xo N Sk41,0 U U Si0 N Sky1,0 = Xo N Sky10
i=1 i=1
since S; 0 N Sk41,0 € Xo. In particular, this set is again (n — 2)-connected.

Thus, analogous to above H;( Xy U Ule Sio) = Hi(Xo U Ufill Si0). Hence H;(Xo) =
H;(XoUU™, Sip) = Hi(X1), and proceeding inductively, we get H;(Xo) = H;(X;) for all
0<i<n-—27>0.

By e.g. |Hat02, Proposition 3.33], we have H;(X) is the direct limit of the H;(X}).
Since the H;(X;) = H;(Xo) for all j we get H;(X) = H;(Xo) for all 0 <i <n — 2.

Together with the fact that Xy is simply connected, the Hurewicz theorem implies
that X is (n — 2)-connected and thus so is Ag,. O

We now state and prove a high-dimensional version of Theorem [7.1.1] under the as-
sumption that N acts freely on X. Both the statement and the proof rely on the theory
of group cohomology. We will not recall the basics here, but refer to [Bro82]. We always
consider the case of trivial action on the coefficient group. This result is not new, it has
been stated in slightly different formulations before, e.g. in |[CE56|, Chapter 9, Application
1]. Afterwards, we will prove that in the KMS complex setting the action of N is indeed
free.

162



7.1. Higher dimensional coboundary expanders

Theorem 7.1.2. Let X be a connected pure n-dimensional simplicial complex, N be a
group acting freely on X, and A an abelian coefficient group. Assume p : X — N\ X is
rigid. If H/(X,A) = 0 and H/(N,A) =0 for all 1 < j < k then H/(N\X,A) = 0 for all
1<j<h

Proof. This follows from the Cartan-Leray spectral sequence for equivariant cohomology
[Bro82, Chapter VII, Theorem 7.9] which yields

HP(N,HY(X,A)) = HPTI(N\X, A).

We have to be a bit careful with the definition of H°(X, A) here. In the previous results,
we used the reduced cohomology. In particular, if X is connected then the reduced coho-
mology is zero. For this result we need to consider the non-reduced cohomology (the only
difference is in degree 0). The only thing we need to know here is that if X is connected
then HO(X,A) = A (see e.g. [Hat02, Proposition 2.7]).
We denote
EP? = HP(N,HY(X,A)).

Note that E%° = HY(N,A) = 0, and since HI(X,A) = 0 for all 1 < ¢ < k we have
EP?=HP(N,0)=0forallp>0andall 1 <qg<k.
The spectral sequence gives rise to a family of short exact sequences. For p+ ¢ = 1:

0— E% » HYN\X,A) - EY° =0
=0 =0

For p + ¢ = i we have ¢ many short exact sequences

0— E" » A, - BV 50
—

E
<~
=0 =0
0— FlAZ' — FQAi — E‘z’i_2 —0
—

=0

0— F,_1A; — H(N\X,A) = E° - 0.
=0

Starting from the first row, we can deduce that all involved terms are 0. Thus in
particular H{(N\X,A) =0 for all 1 <i < k. O

Lemma 7.1.3. Let A be a rank n + 1, n-spherical GCM over finite field K with |K|> 4
and let U4 (K) be the associated KMS group. Let ¢ : Us(K) — G be a finite quotient
giving rise to a KMS complex. Let N = ker¢. Then N acts freely on the fundamental
KMS complex CC(UA(K); (I gy )ier)-

Proof. Note that the action of U4 (K') and hence also of N is type preserving. Furthermore,
we know that each vertex stabilizer in Uy (K) is a conjugate of one of the local groups
Upniy- Since N is a normal subgroup of Ua(K), we can deduce that the action of N is
free if and only if NNUp 1y = {1} for all ¢ € I. But the later holds, since ¢ is injective
on the local groups. O
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7. DIRECTIONS FOR FUTURE RESEARCH

Question. Let A be a rank n + 1, n-classical GCM over a large enough finite field K
and Ua(K) be the associated KMS group. Let ¢; : Ua(K) — G; be a family of finite
quotients of the KMS group giving rise to KMS complexes, i.e. satisfying the assumptions
of Definition Set N;j = ker(¢;). Can we find a family of finite quotients ¢; such
that HY(N;,F2) = 0 and H?(N;,F2) = 0 for all 5?

In particular, can we show H?(N;,F2) = 0 for the kernels of the congruence KMS
complexes as in Section [6.4]/

Using the discussion above, a positive answer to the question would yield the first
examples of 2-coboundary expanders.

7.2 Generalization to other groups

In this section, we attempt to extract the key properties of KMS groups that we need
to prove the high-dimensional expansion results. In particular, we are looking for the
following objects.

e A group G acting on an infinite, locally finite, n-dimensional, n+ 1-partite simplicial
complex X type-preservingly, transitively on the maximal faces and with finite vertex
stabilizers.

e An infinite family of finite quotients ¢; : G — G; such that the quotient maps are
injective on all vertex stabilizers G, and such that ¢;(G,) N ¢i(Gy) = ¢i(Gy N Gy).
This would for example be satisfied if G is residually finite.

e A good description of all proper links in X. In particular, they need to be highly
connected.

e To also get coboundary expansion, high connectivity of X is necessary.

Other direct limits We start by having a closer look at the spectral expansion results.
In this case, only the links of codimension 2 faces need to be good spectral expanders and
we can generalize our results to the following.

Theorem 7.2.1. Let I be a finite set and for each J C I,1 < |J|< 2 let Uy be a finite
group, together with inclusions Uy;y < Uy jy for all 4, j € I. Furthermore, we require that
Ugijy = (Ugy, Uygjy) for all 4,5 € I. Let U be the direct limit of the Uy, J C I,1 < [J[< 2
with respect to the inclusions, i.e. U = *jc11<|7<2Us/(Ugiy = Uy ). We require that

(i) there existsa 0 < A < ﬁ such that CC(Uy; jy; (Ugiy, Ugjy)) is a A-expander graph
forall ¢ #£ j € I;

(ii) the groups Uy; ;3 must embed into U, i.e. the natural map from Uy; ;3 to U must be
injective. Then we identify Uy, Ug; j1 with their images in U.

Set Uy := (Ug;y | j € J) < U for any J C I. We further require that
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7.2. Generalization to other groups

(iii) |Us|< oo for all J C I;
(iV) UyNUg =Ujni for all J, K C 1.

Let G be a finite group such that there exists a surjective homomorphism ¢ : U — G that
is injective on all the U; and such that

o(Us)Nop(Uk) =¢(UyNUg) for all J, K C 1.

Set H; = ¢(Un i), then CC(G; (H;)ier) is a v-spectral high-dimensional expander, for
some v > 0 independent of G and ¢. An infinite family of such groups G and maps ¢,
where the size of the groups tends to infinity, gives rise to an infinite family of bounded
degree HDX.

Proving this theorem works step by step exactly like the proof of Theorem since
we assumed exactly those properties of KMS-groups that we needed.

Question. Do other groups, satisfying the assumptions of Theorem [7.2.] with infinitely
many finite quotients exist?

Up to this point, we can only provide potential candidates. For |I|= 3, there exist
other groups Uy, Uy, j3 that satisfy the conditions of Theorem E for example the
ones constructed in [LMW19, Theorem 4.6] or [Ron09, Chapter 4, Example 1]. In both
examples, the difficulty is to find appropriate families of finite quotients which would be
necessary to obtain an infinite family of bounded degree local spectral expanders.

Affine Kac—-Moody groups Next, we consider a direction to generalize the idea of
the congruence KMS complexes.

One option is considering the Phan geometry of an affine building, which can be
thought of as a twisted version of the opposite complex. Their connectivity properties
were studied in [DGMO09; [KW13|, where the authors proved similar results as for the
opposite complexes by adapting the techniques from |Abr96]. In this case, a twisted
version of Chev(K[t,t!]) acts on the complex and a similar trick as for the congruence
KMS complexes can be used to get finite quotients.

We expect that a similar proof as for the KMS complexes should work without bigger
challenges and would lead to new examples of both local-spectral and cosystolic high-
dimensional expanders.

The second idea is to consider the affine Kac—-Moody groups and their action on the
so called opposition complex.

Definition 7.2.2. Given a twin building (AT, A™,§*) its opposition complez is given by
pairs of opposite simplices:

Opp(A*) = {(0,7) | 0 € AT, 7 € A™, type(c) = type(r), o opposite T}.
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7. DIRECTIONS FOR FUTURE RESEARCH

Let A be an affine GCM and K a finite field. Then G 4(K) acts on the opposition
complex of the corresponding twin building and the action is transitive on the maximal
simplices. Links inside opposition complexes are again opposition complexes of the cor-
responding subtype. Hence in the affine case, any proper link is the opposition complex
of a spherical building. From [Hey03|], we know that the opposition complexes of spher-
ical buildings are m-connected. Quantifying this result to define cone functions for the
spherical opposition complexes, similar to how we proceeded with Abramenko’s work for
opposite complexes, should be possible. On the other hand, affine Kac-Moody groups over
finite fields are residually finite. Thus we get infinite families of finite quotients preserving
the local structure. In particular, quotients similar to the congruence KMS complexes,
should be possible. Note that non-affine Kac—-Moody groups are not residually finite.

7.3 Generalization of coboundary and cosystolic expansion

The idea behind defining the coboundary and cosystolic expansion constant can be applied
to arbitrary normed cochain and chain complexes.

Definition 7.3.1. (i) A chain complex (A, 0y) is a sequence of abelian groups 4;,i €
Z together with morphisms 9, : A, — A,_1 called boundary operators such that
the composition of two consecutive boundary operators is zero, i.e. d,_1 0039, =0
for all n.

(i) A cochain complex (A*,d,) is a sequence of abelian groups A%, € Z together with
morphisms d,, : A" — A"*! called coboundary operators such that the composition
of two consecutive coboundary operators is zero, i.e. d, 1 od, = 0 for all n.

(iii) A norm on an abelian group A is a map ||-||: A — R>¢ such that
e |la]|=0 <= a=0,
e for all a € A we have ||—al|= ||al|,
e for all a,b € A we have ||a + b||< ||a|+]|b]|.
(iv) A normed chain complex is a chain complex (A, d.) such that each A4, is a normed

group and all ,, are bounded, i.e. there exists A, € R>( such that for all a € A4,
we have [|0,(a)]|< An|lall.

(v) A normed cochain complex is defined analogously.

Definition 7.3.2. Let (C., d,) be a normed chain complex and let A\ € [0,00]. We say
that C, satisfies the (A, n)-uniform boundary condition (UBC) if for all b € By, := Im 0,41
there exists a ¢ € Cp41 such that

Onc = b and ||c||< Al[b]|.

Dually, we say that a normed cochain complex (C*,d.) satisfies the (A, n)-uniform
coboundary condition (UCC) for some A € [0, 00] if for all b € B™ := Imd,,—; there exists
c € C"1 such that

dn—1c="b and ||c[|< Al[b].
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7.3. Generalization of coboundary and cosystolic expansion

Remark 7.3.3. The term “uniform boundary condition” appeared in [MMS85| and other
works e.g. [FL21], where a chain complex is said to satisfy the n-uniform boundary
condition if there exists a A € [0,00) such that the chain complex satisfies (A, n)-UBC.

The uniform coboundary condition appeared in [FLM23; MN23| in the following spe-
cific case. Here C" = CJ'(I',R) is the cochain complex of bounded cohomology of the
group I' with oo-norm. They further assume that H;'(I',R) = 0. Then the n-vanishing
modulus of ' is the minimum over all A such that Cj (T, R) satisfies (A, n)-UCC.

But also cosystolic and coboundary expansion fits into this framework. For Fo coeffi-
cients, a similar statement was shown in [KKL16] under the name of cofilling constant.

Proposition 7.3.4. Let X be a pure n-dimensional, finite simplicial complex and A an
abelian group. Then A¥;71(X,A) > A > 0 if and only if C* = C*(X, A) with norm induced
by the Garland weights satisfies (%, k)-UCC.

Proof. Start by assuming h¥71(X,A) > A > 0. Let b € B¥(X,A). If ||b]|= 0 then b = 0
and we can choose ¢ = 0. So assume [|b||# 0 and let f € C*1(X,A)\ Z*¥"1(X,A) such
that df = b (which always exists since b is in the image of d). Thus,

1df |
min, e ze-1 | f — 2|
Now, we choose ¢ such that ||c||= min,c zr—1 || f — z|| which satisfies dc = df = b. Together
we get

. 1
A< < min |f—2[|< <[df]].
z€Zk—1 A

1 1
< —||df||= =
[ell< )\deH AHbH

as required.
Conversely, assume that C* satisfies (3,k)-UCC. Let f € C*~1\ Z*~! in particular
Idf I, | flI# 0. By UCC there exists ¢ € C*~! such that dc = df and

1
< —|ldf]|.
lell=< < lldfll
Note that f — ¢ € ZF~1 since df = de. Thus
B 1 I N
min,c e[| f =z 7 l]|
which shows h¥-1(X, A) > . O

Corollary 7.3.5. A finite, pure n-dimensional simplicial complex X is a (A, A)-coboundary
expander if and only if H*(X,A) = 0forall 0 < i < n—1and C*(X, A) satisfies (), 7)-UCC
forall 0 <i<n-—1.

Remark 7.3.6. Note that while every finite pure simplicial complex has a positive cosys-
tolic expansion constant, not every chain complex satisfies UBC for some a finite A\. But
for example if M is (n — 1)-connected then C,(M,Z) satisfies (A, n)-UBC for some finite
A, see [FL21, Remark 9.2].

In the case of the vanishing modulus we have a similar result which roughly states
that if H'(I', E) = 0 then C;(I', E) satisfies (A,n)-UCC for some finite A. See [Cam+25,
Lemma 2.23] for more details.

167



7. DIRECTIONS FOR FUTURE RESEARCH

Remark 7.3.7. Some interesting results about UBC are obtained in [MMS85| where they
show that for a topological space M and n € N the following are equivalent

(i) The normed chain complex C,(M,R) satisfies (A, n)-UBC for some \ < oco.

(ii) The homomorphism H gl Jrl(]\4 ,R)— H "H(M ,R) induced by the canonical inclusion
CI?H(M, R) — O™ (M, R) is injective.

It was then shown that if M is a topological space with amenable fundamental group,
then for any n € N the chain complex C, (M, R) satisfies (A, n)-UBC for some A < cc.

It is also interesting to note that in the context of UBC for topological spaces arguments
similar to the cone functions approach appear, for example in the proof of [FL21, Lemma
4.1] and in |[FLM23, Example 4.11].

Question. What can be said about UBC and UCC for general normed (co)chain com-
plexes? Can techniques from one viewpoint be transferred to the other?

Some small results about UBC for arbitrary normed chain complexes are collected in
[LLM26| Appendix A].
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Dutch summary

Expander grafen zijn ijl maar tegelijk zeer sterk samenhangende grafen. Deze eigenschap-
pen lijken tegenstrijdig, maar het bestaan van expander grafen kan worden aangetoond met
een eenvoudige probabilistisch argument en inmiddels zijn er veel expliciete constructies
bekend. Expander grafen zijn bijzonder nuttig in diverse toepassingen binnen de infor-
matica en wiskunde. Daarom begon de expander-gemeenschap in het begin van de jaren
2000 met het veralgemenen van wat “sterk samenhangend” betekent naar simpliciale com-
plexen als analogen van grafen in hogere dimensie. Helaas bestaat er niet één canonieke
manier om het concept van expansie uit te breiden, aangezien verschillende — voor grafen
equivalente — karakterisaties leiden tot verschillende versies van hoogdimensionale expan-
sie. In dit werk richten wij ons op lokaal spectrale, coboundary en cosystolische expansie.
Hoogdimensionale expanders hebben hun nut al bewezen in verschillende toepassingen,
bijvoorbeeld bij de constructie van goede property-testers en kwantum LDPC-codes, bij
vragen rond het mengen van Markov-ketens, en zij komen voor in overwegingen over het
bestaan van niet-sofic groepen. In tegenstelling tot het geval van grafen zijn er slechts
zeer weinig constructies van hoogdimensionale expanders bekend.

In deze thesis construeren wij een nieuwe familie van complexen, de KMS complexen,
die nieuwe voorbeelden leveren van lokaal spectrale, coboundary- en cosystolische ex-
panders. De constructie is gebaseerd op de rijke structuur van Kac-Moody—Steinberg
(KMS)-groepen, die geamalgameerde producten zijn van maximale unipotente deelgroepen
van Chevalley groepen. De KMS groepen kunnen surjectief afgebeeld worden op de maxi-
male unipotente deelgroep van de overeenkomstige minimale Kac—Moody groep, en in veel
gevallen zijn ze isomorf. In het bijzonder bezitten KMS groepen veel eindige quotiénten.
Voor elk voldoende groot dergelijk quotiént construeren wij een simpliciaal complex als een
nevenklassencomplex over het quotiént ten opzichte van de maximale lokale deelgroepen
van de KMS groep. De KMS complexen hebben de eigenschap dat de lokale structuur
alleen afthangt van de KMS groep en niet van het eindige quotiént. De lokale structuur,
de niet-triviale schakels, zijn elk isomorf aan het complex tegengesteld aan een kamer in
een sferisch gebouw (spherical building). We kunnen de rijke structuur die deze tegen-
overgestelde complexen van de gebouwen erven, gebruiken om lokaal spectrale expansie
voor alle KMS complexen aan te tonen. Verder tonen we aan dat de tegenovergestelde
complexen van klassieke (d.w.z. type A,,C,, D,) gebouwen coboundary-expanders zijn.
Om dit te bereiken gebruiken we de technieken van cone-functies en ontwikkelen we nieuwe
methoden om cone-functies inductief te construeren. Vervolgens leiden we hieruit cosys-
tolische expansie af voor de klassieke KMS complexen.



7. DIRECTIONS FOR FUTURE RESEARCH

We onderzoeken verder een specifieke klasse van KMS complexen, de congruentie KMS
complexen, die voortkomen uit expliciete quotiénten binnen Chevalley groepen. Voor
deze klasse kunnen we aantonen dat de eerste cohomologiegroep verdwijnt en daardoor
1-coboundary expansie afleiden voor de meeste abelse en niet-abelse coéfficiéntengroepen.
Ten slotte bespreken we hoe deze ideeén kunnen worden veralgemeend naar andere groepen
en hoe KMS complexen mogelijk de eerste voorbeelden van 3-dimensionale coboundary
expanders zouden kunnen vormen.

Dit hoofdstuk is vertaald met de Al-assistentie van [Lum26].
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