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Expander Graphs

Let G = (V, E) be a finite, simple graph, n = |V/.
Definition (Cheeger constant).

L EAV\A)
p£Acv min{|A|, |V \ Al}
where E(A,V\ A)={{vi,wn} € E|vi € A va & A}

h(G) =

G is a A-expander if h(G) > A.



Simplicial cohomology

Let X be a pure d-dimensional finite simplicial complex.
i-dimensional faces: X(iy={oceX||o|=i+1}, X(—1) = {0}
i-cochains: C'(X,Fy) = {f : X(i) — Fa}

i-th coboundary map

5 C/(X,F2) = CH(X,F2) : 6i(F)(o)= > f(r)
TeX(i):TCo

cocycles coboundaries cohomology group
ZI(X,Fy) =kers;  B'(X,F2) =imd;y  H'(X,F2) = Z'(X,F2)/B'(X,F,)



Coboundary expansion

Let X be a pure d-dimensional finite simplicial complex. For f € C/(X,TF,) define

Il = >

[{r € X(d) |0 C 7}

d+1
o€supp(f) |X(d)|(li1)
Coboundary expansion constant
hiy(X,F2) = min{ — 1ol | f e C'(X,F2)\ B'(X,F,)
Minpegix,ro)llf + bl

X is an e-coboundary expander if hl,(X,F2) > e forall 0 <i<d—1.



Infinite families

G connected < h(G) >0 e H(X,F2) =0 < A, (X,Fp) >0

Infinite family of bounded degree HDX
Let € > 0,c,d € N be fixed. A family (X)sen of finite, pure, d-dimensional
complexes is a family of coboundary expanders if

> for all s € N: X; is an e-coboundary expander
> foralls e N,ve X;(0): deg(v):=|{reX(d)|vCr} <c
> |Xs(0)| — oo for s — .



Cosystolic expansion

Problem: Showing H/(X,FF2) = 0 is hard. The only infinite families of coboundary
expanders known are 2-dimensional.

Cosystolic expansion constant

: i I8:(F) . .
es(X, F2) = min ) 7 fe C(X,F)\ Z(X,F
( ? {m'nzezf(X7F2)||f+z|| | ( 2)\ Z'( 2)

X is a (e, p)-cosystolic expander if hi (X, F2) > ¢ and ||z|| > p,
Vz € ZI(X,F)\ BI(X,F,) forall 0 <i<d-—1.



Local-to-global

Theorem (Evra-Kaufman 2017).
Let X be a finite, pure, d-dimensional simplicial complex. For all 5 > 0 there exist
a, e, it > 0 such that if

> X is an a-local spectral expander,
» all links Ik(7) with 0 < dim(7) < d — 2 are -coboundary expander,
then the (d — 1)-skeleton of X is an (e, u)-cosystolic expander.



Examples

Known examples of infinite families of cosystolic expanders in arbitrary dimension:

Ramanujan complexes (Lubotzky-Samuels-Vishne '05)
— links are spherical buildings

KMS complexes (Grave de Peralta-VB, Oppenheim-VB)
— links are complex opposite the fundamental chamber inside spherical building

More examples in dimension 2, e.g. Kaufman-Oppenheim, O'Donnel-Singer, even
coboundary expanders.



Cone function

Let X be a d-dimensional simplicial complex, d > 2. A 1-cone function for X is a

t i | Pu u ) TUW i h th !
riple (Vo,( ) €X(0) ( (u, ))(u,w)eX(l)) e ’

> v € X(0),
> Yu e X(0): P, is a path from v to u,
> 7_(u,w) = (Po,...,Pm) such that

> Py=P,o(u,w)o P!
> Pj~pgr Pit10r Pi ~7g Pity,
> 'Dm = (Vo).

Note: If a complex is contractible, we can find a cone function.



Cone radius and expansion

Radius of cone function

Radi(Conex) = max_ [{0<i<m|Pi~7r Pii1in Tiyu}l
(u,w)eX(1)

Theorem (Kaufman-Oppenheim ’21)
For every finite pure d-dimensional simplicial complex, if

» The group Aut(X) acts transitively on X(d),
> X admits a 1-cone function Coney,

then
1

hl (X, Fy) > .
co(X:12) 2 Rad; (Conex) (737)




Cone function for spherical building

Spherical building from my perspective:

> finite simplicial complex A with family of subcomplex A called apartments

> each A € A is isomorphic to one fixed Coxeter complex — contractible if
dim(A) > 2
> forallo,7re A:3JA€ A 0,7 € A.

Cone for spherical building:

» choose a vertex vy € A(0)
> for each 0 € A set By = Naca:0pen A

» Each B, is contractible. Can define Conea such that paths corresponding to o
lie in B,.

» Hence Rad(Conea) < max,|B,| = only depends on type, not on thickness.



Opposite complex

Let A be a d-dimensional (thick) spherical building. There is an opposition relation
on the chambers (maximal simplices).

Opposite complex
Fix a chamber C € A(d).

A’(C)={seA|3De A(d): o C D and D opposite C}.

Theorem (OVB’25)
Let A be a thick spherical building of type A,, C, or D,, C € A(n— 1) a chamber.
Then A°(C) is a A-coboundary expander, where )\ depends only on the type.



Joins and adding vertices

Proposition (OVB ’25)

Let X, Y be finite simplicial complexes with cone functions Conex, Coney. Then
there exists a cone function Conex,y with Rad(Conex.y) bounded.

Moreover, for any vertex v: Rad(Conex,q,;) < 1.

Theorem (OVB’25)
Let X be an d-dimensional finite simplicial complex, X’ a full subcomplex with cone
function Conex:. Let W C X(0) such that

» WnX =0,
> Ywy,wo € W {wi,wma} ¢ X,
> Vw € W : lkx(w) N X’ has cone function Coney, (w)nx:-

Then the full subcomplex spanned by X’(0) U W has a cone function with bounded
radius.



Cone for opposite complex

Abramenko shows that A°(C) of dimension d is
(d — 1)-spherical.

He shows that A%(C) can be constructed from a
small contractible complex by adding vertices.

We go through the proof and keep track of the
radius.

“
&
s
E
H
£
s
=
=
P
2
s
=
e
2
T
E]
A

Peter Abramenko

Twin Buildings
and Applications
to S-Arithmetic Groups

@ Springer



The world of HDX - a map

spectral gap

definition for graphs local spectral

Cheeger constant coboundary

definition for graphs

local-to-global

cosystolic

geometric
overlapping

topological
overlapping

non-abelian
coefficients

Fast convergence of
high-dimensional
random walk

Question of non-
sofic groups

Agreement tester



The world of HDX - a map

spectral gap

definition for graphs local spectral

Cheeger constant coboundary

definition for graphs

local-to-global

cosystolic

geometric
overlapping

topological
overlapping

non-abelian
coefficients

Fast convergence of
high-dimensional
random walk

Question of non-
sofic groups

Agreement tester



The world of HDX - a map

Fast convergence of
high-dimensional

random walk
spectral gap

definition for graphs local spectral geometric

KMS complexes overlapping

boundary
Cheeger constant o i
qefi % P h 2-skeleton of tapological
efinition for graphs i
orep Congruence- overlapping Question of non-
KMS complexes sofic groups
local-to-global
non-abelian
coefficients
cosystolic Agreement tester
Classical KMS

complexes



\ Infinite families via KMS complexes

KMS group
> A= (Aj)ijer a GCM, rank n, (n — 1)-spherical

> k a finite field
> for J C [: Uy = U" < Chevy, (k)

UA(k)I J>IC<IUJ/(UJ‘—> U;,JcLcC /)



Coset complex

Let G be a group, H; < G,i € I.

CC(G; (Hi)ies) is the simplicial complex with
> vertices | |;c; G/H;
» maximal simplices {gH; | i € I},g € G.

KMS complex
Let ¢ : Ua(k) — G be a finite quotient, satisfying some injectivity properties.

Xy = CC(G; (p(Ungiy))ier)

lkx({gH; | j € J}) = CC(Us; (Upqiy)ies) = A°(C) where A is the spherical building
corresponding to Chevg, (k).



Cone functions

Simplicial homology

i-chains: Gi(X,F2) = { Z tyo |ty € Fz}

oeX(i)
i-boundary map: i : Gi(X,F2) = Gi_1(X,F,) :

Z tyo — Z Z tyT

ceX(i) ceX(i) TeX(i—1):7Co



Cone functions

Ci(X,Fp) = { g too | to e]ﬁ‘z} 9; : Gi(X,F2) = Ci_1(X,F2) : too > g to T

aeX(i) seX(i) ceX(i) TeX(i—1):TCo

Let X be a finite, d-dimensional complex, v € X(0).

An m-cone function of X with apex v is a collection of Z-module homomorphisms
Coney(X) : Gi(X) = Ciy1(X) for —1 < i < m such that

> Coney'(1-0)=1-v

> ;11 Conel (A) + Conel H(9;A) = Afor all 0 < i < m, A c C/(X).

Set Conex = @™, Conely.



Cone radius and expansion

Radius of cone function
Rad(Conex) = maxy max,¢x(x)|supp(Conex (1 - o))

Theorem (Kaufman-Oppenheim ’21)
For every finite pure d-dimensional simplicial complex, if

» The group Aut(X) acts transitively on X(d),
» X admits an m-cone function Coney,
then for every 0 < k < m it holds that

1
he (X, Fy) > :
el 2)_Rad(Conex)(2‘H)



Examples

Let X be a 1-dimensional, connected simplicial complex.

1. Pick v € X(0) and set Conex(10) = 1{v}.
2. For every w € X(0) \ {v} fix a path v = wp, w1, -+, w, = w,
3. set Conex(1{w}) = -7} 1{w;, w;11}, Conex(1{v}) = 0.

Let X be 2-dimensional, connected and contractible.
1. Pick v € X(0).
2. Define Cone;l, ConeSJ( as above. Let P, denote the path from v to w chosen
in step 2 above.
3. For {u,w} € X(1), P,,* o P, is a loop starting in v through {u, w}.
Let 01,...,0m be the triangles used for contracting the loop.
4. Set Conex({u,w})=>1",0;.
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